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My Lord, your assertionis easily put to the test.
You s& | have a Third Dimension,which you

call \height." Now, Dimensionimplies direction
and measuremen Do but measuremy \height," or
merely indicate to me the direction in which my
\height" extends,and | will becomeyour cornvert.

Edwin A. Abbott, Flatland (1884)
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Preface

We will rst give a brief historical introduction which points out the motivation for intro-
ducing extra dimensions.Then the two fundamertal theoriesfor description of matter and
its interactions, the Standard Model and generalrelativity will be preserted in Chapters
2 and 3, respectively.

In Chapter 4 we start by a review of theories with extra dimensions.We will mainly
focuson the ADD scenarioand the RS scenario.After the introductions to the theoretical
frameworks, we review the Feynman rules necessaryto make calculations within these
scenarios.

In Chapters 5 and 6 we calculate the crosssection and the angular distribution for the
processe e | 1*1i° wherewe include gravitational e®ects.

In Appendix A we give a short overview of the notational corvertions and units that are
usedin this thesis. Appendix B lists the Feynmanrules necessaryor calculating the cross
section.In Appendix C we give a brief review of gammamatrices and traces where these
matrices are involved.

Vii



Chapter 1

Historical Background

The history of physics, and of most other sciencesas well, is to a large extert a history
of uni cation. To be ableto systematiseobsenations, it is necessaryto group the singular
phenomenainto classes.This organisation of phenomenaallows us to nd the \laws of
nature”, and thus predict the outcome of experimerts.

Sofar, physicists have made considerableprogressin unifying both the constituerts build-
ing up matter and their interactions, but somequestionsstill remain unanswered. One of
the most prominent questionsis how to descrike gravity and the other fundamertal forces
in a uni ed framework.

1.1 Matter

When physicists becamecapable of probing matter at a truly microscopiclevel, it was
revealed that ewvery kind of matter was made of a number of small, presumably non-
divisible particles. Thesewereidenti ed with the particles that Demcacritus had ervisaged
about 2000years earlier, and therefore they becameknown as atoms. But as more and
more elemerts were iderti ed, the question of whether the atoms really were the basic
building blocks was raised. One indication that there were somesmaller structures, was
the periodicity of chemical properties elemens proved to have.

In 1897JosephJohn Thompsondiscoveredthe electronand thereby provedthat atomsare
indeed composedof smaller constituerts. A few yearslater Ernest Rutherford discovered
the proton, and in 1932 James Chadwidk discovered the neutron. Now all matter was
descriked by only three fundamenal particles, giving a simple and coheren picture.

Later on, this beautifully simple picture was seeminglydestroyed. Through obsenations
of cosmicrays, and later through acceleratorexperimerts, seweral new particles were dis-
covered. The situation was similar to the iderti cation of ever new elemerts, which earlier

1



2 CHAPTER 1. HISTORICAL BACKGROUND

had lead to doubt whether the atoms were elemertary or not. The abundanceof parti-
clessuggestedhat they might after all not be fundamertal, but rather composite states.
And, indeed, by introducing quarks, the properties and relationship betweenmany of the
particles could be explained.

Today matter is described by three generationsof particles, eat generation cortaining
four particles; two leptons and two quarks! Normal matter consistsonly of particles of
the rst generation,i.e. the up and the down quark, which build up protons and neutrons,
and the electron The fourth menber of the rst generationis the electron neutrino, an
unchargedparticle with a minusculemasswhich interacts soweakly that it doesnot reveal
its presencdn eweryday life.

The other two generationshave a similar pattern to the rst one;they ead consist of
two quarks, a chargedlepton and an unchargedlepton (neutrino). The particle properties
repeat for ead generation,exceptfor the masseswhich increasewhen goingto the second
and third generation? Particles from the secondand third generationsare unstable. The
guarksand the chargedlepton canonly exist for a small fraction of a secondbeforedecging
into particles of a lighter generation.

Neutrinos were for a long time believed to be masslessif this had beentrue they would
have beenstable. But after observingthat they have a very small massit is con rmed that
they can transform into ead other|they are saidto oscillate?

1.2 Forces

At the beginning of the 19N certury the forcesconsideredto be fundamertal were the
electric force, the magnetic force and gravitation. Thesethree forceswere all seento be
distinct, but in 1820Hans Christian Arsted, a Danish physicist, encouriered the st hints
pointing toward a uni cation of electricity and magnetism.In the following yearsMichael
Faraday addedimportant cortributions to the understanding of the connection between
thesetwo forces,and in 1864the Scottish physicist JamesClerk Maxwell completedthe
uni cation of electricity and magnetismwith his theory of electromagnetism

An even more thorough treatment of electromagneticinteractions was provided by Quan-
tum Electrodynamics(QED). Classicallyforcesare successfullydescritedin terms of elds,

The quarks have a property called colour, which makesthem comein three varieties. Thus someprefer to
count a generation as consisting of two leptons and six quarks.

Neutrino massesare still not quite clear. There only exist upper bounds on their massesplus there are
obsenations establishing that their massesare non-zero.

Actually it wasby nding proof of neutrino oscillationsthat it wasestablishedthat neutrinos have non-zero
masses.
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but on the microscopiclevel forcesare better descriked asexdangeof particles* QED pro-
vides an extraordinarily precisedescription of electromagneticinteractions.

The strong force, alsocalled the colour force, is descriked by a theory modelled on QED|
Quantum Chromodynamics(QCD). Moreover, the weakforceis together with the electro-
magnetic force descriked in a common framework| Electroweak Theory|also modelled
on QED. QCD and Electroweak Theory together with the matter particles, quarks and
leptons, constitute the Standard Model of particle physics.

The Theory of general relativity, published in 1916 by Albert Einstein, provides the
presenly best description of gravity. General relativity is, like the Standard Model, an
outstandingly successfultheory giving predictions which are in perfect agreemen with
obsenations. Howeer, if we try to quartise generalrelativity we end up with a non-
renormalisabletheory|a theory which doesnot allow us to make predictions.

The uni cation of quantum theory and generalrelativity has beena major problem in
physicsewer sincethesetheorieswereproposed.The problemis that sinceall elds carrying
energy are a®ectedby gravity, gravity cortributes to its own source.When trying to do
calculationson the energyscalewheregravity is usually thought to be of similar strength
to the other forces,the graviton selfcoupling causesuctuations which introducesin nities
in the calculations.

1.3 Extra dimensions

An early proposalto unite generalrelativity and electromagnetismwas given by Theodor
Franz Eduard Kaluza in 1919. What Kaluza did was to introduce one extra spatial di-
mension,but let all "elds be independer of this new dimension, save gravity itself. This
approat gave the striking result that when working out the Einstein equationsin this
special v e-dimensionalspace-time,the result was the ordinary four-dimensionalEinstein
equationsand Maxwell's equations.That is, by introducinga fth dimensionKaluza could
descrile both gravity and electromagnetismin the samemathematical framework.®

A few years later the Swedish mathematician Oskar Klein adopted Kaluza's theory in
an attempt to unify quantum theory and generalrelativity. Klein added a feature to the
theory which is important in modern Kaluza-Klein theories|compacti cation of the extra

Due to particle-wave duality, both matter particle and force carriers are actually described in terms of
guartised “elds.

The Finnish physicist Gunnar NordstrAm had a few years earlier made a similar attempt to unify elec-
tromagnetism and gravitation, alsointroducing one extra dimensions.NordstrAm did, howewver, work with
a scalar theory of gravity, not with a tensor theory like generalrelativit y (which had not been published
yet). When Einstein published his theory of generalrelativit y, NordstrAm abandonedhis own approac.
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dimension.To be speci ¢, Klein assumedhe extra dimensionto be periodic with a period
which is not much greaterthan the Plandk length [1].

Howewer, the Kaluza-Klein theory had some de cienciesyielding wrong predictions for

certain obsenables,sud asthe electronchargeto massratio, for instance.This, combined

with the obsenation of nuclearforcesand the rapid progressn quarntum medanics,caused
the Kaluza-Klein theory to be put aside,not to be taken up again until seeral decades
later.

In the 1970'sthe conceptof extra dimensionsre-ertered the arenathrough the discovery
of string theory, which later wasdeweloped into superstring theory. This is a theory® which
in a self-consisteh way uni es generalrelativity with quantum medanics by using one-
dimensionalobjects|sup erstrings|living in 10-dimensionalspace-time.

Although superstring theory providesa possiblesolution to the long-wished-foruni cation

of gravity and quartum medanics, there has beena lot of scepticismtoward the theory.

The reasonfor this is that in its traditional formulation superstring theory has not been
able to give any predictions’ within accessibleenergy A few yearsago a new idea gave
hope; someor all of the extra dimensionscould be considerablylarger than previously
assumed,which was of the order 10 * m. If this provesto be true, there is hope to see
guantum gravity e®ectdn the next generationof colliders.

6 There are actually v e di®eren, self-consistemn superstring theories. More recert results show that these
v e apparertly independert theories can be seenas di®erert manifestations of one theory, M-theory.

7 It canbe arguedthat superstring theory has predicted gravity, sincethe graviton cameout as an essetial
part even though the theory originally was designedto describe hadrons, not gravity.



Chapter 2

The Standard Mo del

The Standard Model is a summary of known physicson the microscopiclevel. This includes
the matter particles and their fundamertal interactions. As mertioned in Chapter 1, the
matter particles include six leptons and six quarks. The forcesincluded are electromag-
netism, the colour force and the weak force. The only known fundamertal force which is
not included in the Standard Model is gravity. The reasonwhy gravity is not included,
is that we sofar do not have a consisten quartum description of it. But sincegravity is
so much feeblerthan the other forces,at least on the energy scaleavailable in past and
presen experimerts, the omissionof gravity doesnot constrainthe predictive power of the
Standard Model much.

In this chapter we will "rst give somemore details on the Standard Model particles, and
then give a mathematical description of the interactionsin the Standard Model.

The presertation given here will to a large extert follow the textb ook on quartum eld
theory by Mand| and Shaw [2].

2.1 The Standard Mo del particles

So far we have presened two categoriesof particles|those which build up matter and
those which mediate the interactions. But this provesto be insutcient. As we shall see,
to be ableto give massedo the particles yet another eld, and hencea new particle, will

be needed.This is the Higgs boson.Thus far the Higgs bosonhas not beenobsened, but

sinceit plays suth an essetial role in the Standard Model it is believed to exist.

In addition to theseparticles, all particles are alsoassignedan arnti-particle. (A few of the
particles are their own anti-particles.) Theseare particles of iderntical mass,but with all
the quantum numbersreversedwith respect to the particle to which they correspnd.
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2.1.1 Matter particles

The division of the matter particlesinto quarks and leptonsis suggestedoy the way they
interact, or equivalertly, by what kind of charge they carry. All matter particles carry
electronveak charge, but only the quarks carry colour charge.

Another natural way to organisethe fundamertal matter particles is to divide them into
three generations,eat generationhaving two quarksand two leptons. The rst generation
is made up of the up and down quarks, the electron and the electron neutrino. The up
and down quarks come,asdo all quarks, in three di®erern colours, arbitrarily namedred,
blue and green! Only colourlessparticles are seenin nature, meaningthat quarks always
comein combinations with one red, one blue and one greenquark, or one quark and an
anti-quark with the correspnding anti-colour.2. The up and down quarks have electrical
charges+ %e and  ie, respectively. Thesefractional electron chargesare never obsened,
though, sinceall colourlessstates have integer electron charge. The electron has electrical
chargej e, and the electron neutrino hasno electrical charge.

The two other generationsfollow the samepattern as the rst, having one up-type and
onedown-type quark, onechargedlepton and oneneutrino, but theseparticles are heavier.
The electron-like particle in the secondgenerationis the called muon. Correspndingly,
the neutrino of the secondgenerationis called the muon neutrino. The down- and up-type
guarks of the secondgenerationare called strange and charm, respectively.

The leptons of the third generationare the tau and the tau neutrino. The tau neutrino
was the last of the matter particles to be obsened. Direct evidencefor its existencewas
found aslate asin 2000.The down- and up-type quarks of the third generationare called
bottom and top, respectively.®

Eventhough the higher generationsresenble the rst sointimately, theseparticles are not
believed to be excited states of the rst generationparticles. If they had been,we would
for instanceexpect to seea muon decg into an electronand a photon,

1i | ei + o ’
which would be favourableto the way it is actually obsened to decy,
1i | ei + 0, + Qe:

Similar non-obsered decgs for the other higher generationparticles alsosuggesthat they
are not just excited statesof the rst generationparticles.

1 Also the name colour is arbitrarily chosenlit has nothing to do with colours as we seethem, but is just
usedto refer to an intrinsic property of quarks.

2 In addition to states consisting of three quarks or one quark and one anti-quark, we could for instance
expect to seestates of six or nine quarks. Sud states could also satisfy the requiremert of being colourless,
but they have never beenseen.

3 The namesbeauty and truth can also be encourtered sometimes.
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No more than thesethree generationsare expectedto be found|exp erimerts performed
at LEP rule out the existenceof another light neutrino [3], and thereby making it unlikely
that more generationsexist.

A summary of the most important properties of the matter particlesis givenin table 2.1.

Particle Symbol | Spin Mass Lifetime Charge | Interaction
Electron e 0.511MeV stable

Muon 1 : 105.66MeV 220¢10 °s| 1 | Electroweak
Tau ¢ 1777 MeV 33¢10 Bs

EIectron— o, < 36V

neutrino

Muoq- 0 : < 190keV oscillates 0 Electroweak
neutrino

Tau- 0 < 18 MeV

neutrino ¢

Down d 1-5MeV stable i %

Up u 3 -9 MeV stable + 3 Electroweak
Charm c : 75- 170 MeV unstable i 3 &
Strange S » 1.15- 1.35GeV unstable +§ Strong
Bottom b » 4.0- 4.4 GeV unstable i §

Top t (1748 5) GeV unstable + 2

Table 2.1: The Standard Model matter particles

2.1.2 Force-mediating particles

The interactions of particles in the Standard Model are descriked in terms of exdhange
of other particles. We will in the next sectionsgive a mathematical formulation of the
interactions, but beforewe do that, we brie°y review the properties of the forcesand the
mediating particles.

The electromagneticforce is mediated by the photon, a masslesgarticle with no charge.
The photon couplesto other particles accordingto their electric charges,and since the
photon itself has no electric charge there are no self-interactions. Since photons have no
mass,and sincethere are no photon-photon couplingsthe electromagneticforcehasin nite

range.

The weak force is mediated by three massive gaugebosons; W& and Z°. Cortrary to
the electromagneticforce, the weakforce hasa very short rangejonly about 10' ’'m. The
short rangeis dueto the large massof the force-carryingbosons|the masseofthe W¢ are
about 80times that of the proton, and Z° is even heavier. The large massef the bosons
are alsothe reasonwhy the weak force appearsso much wealer than the electromagnetic
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force. In fact, at energieswhere the massesof the gaugebosonsare negligible these two
forcesare of similar strength and can even be described asone, uni ed force.

The weakforcecouplesto all particles having weakcharge.This alsoincludesthe mediating
bosonsthemseles, meaningthat verticeslike for instance

Z°%1 WYr+Wi and °+°! W'+ Wi
do exist.

The strong force is mediated by eight gluons. The strong force couplesto all particles
carrying colour charge, that is, quarks and gluons. The self interactions of the gluons
restrict the rangeof the strong forceto about the sizeof a nucleoneven though the gluons
are masslessThe colour force self-interactions can also explain why free quarks are never
seen.lf wetry to separateout onesinglequark, the gluon-gluoninteractions will causean
increasing eld strength asthe separationgrows. This is why only colour neutral objects
can be obsened.

A summary of the most important properties of the force-mediatingparticles is given in
table 2.2.

Particle Symbol | Spin Mass Lifetime Charge | Interaction
Photon ° < 2¢10 ® eV stable 0

W38 boson| WS 1 80.4MeV | » 3:1¢10%°s| §1 | Electroweak
Z° boson z0 91.19MeV | » 2:6¢10 5 s 0

Gluon g 1 0 stable 0 Strong

Table 2.2: The Standard Model gaugebosons

2.2 Quantised eld theories

Mathematically the Standard Model particles and their interactions are descritedin terms
of quartised elds, wherethe particles are the quarta of the elds. As a starting point for
this description we take classicalLagrangian eld theory, i.e. we work with non-quartised
“elds. Later on we will apply constrairts on the elds and their canonical momena to
achieve quartisation.

In the Lagrangianformalism the equationsof motion for the "eld are obtained by variation
of the action integral under the requiremern that the action should be extremal. For an
arbitrary eld we canwrite the action integral as
Z,, Z, <7
S= dtL = dt  d L ; (2.1)

11 t1
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whereL is the Lagrangian and L is the Lagrangian density of the “eld.# By variation,
using the requiremen that +S = 0, we nd the Euler-Lagrangeequation, through which
the equationsof motion are given?>

Q Q

= i @ =
@ ' ~ Q@A)
We nd the Hamiltonian density of the eld through a Legendretransformation of the
Lagrangiandensity:

o: (2.2)

H =YAj L ; (2.3)

where¥s= @ =@ is the canonicalconjugate of the "eld A. The Hamiltonian of the “eld
is found by integrating the Hamiltonian density over all space
Z

H= dH: (2.4)

By knowledgeof the Hamiltonian the classicalbehaviour of the systemis completely de-
termined. Were it not for quantum e®ectsthis would be the bottom line. But on the
microscopiclevel, nature is not classical.Therefore we needto quartise the eld in order
to give a correct description of the phenomenawe obsene.

2.2.1 Quantisation of the eld

When quartising the eld, the statistics which the particles it describes exhibit must be
considered.Experimertally we know that particles with integer spin are symmetric under
interchange of idertical particles, that is, they follow Bose-Einsteinstatistics. Particles
with half-integerspin, on the other hand, are anti-symmetric under interchangeof identical
particles, that is, they follow Fermi statistics. The integer spin particles are referredto as
bosons,and the half-integer spin particles as fermions.

To quartise a boson eld, we imposea commutation® relation betweenthe “eld and its
conjugatemomertum. The requiremen for a boson eld, A, is then

A (x;1); Yas(x®1)] = it sHX j X9: (2.5)

When quartising a fermion eld we replacethe comnutation relation of the boson eld by
an anti-commutation’ relation. Thus for a fermion “eld, A, we require

FA (X 1); Yas(XG )9 = itrst(x | x9: (2.6)

4 We will often refer to the Lagrangian density simply asthe Lagrangian.

5 In practise the Lagrangian is constructed so asto reproduce the classicalequations of motion. For spinor
“elds no classical equations of motion exist. The guiding principle to determine the Lagrangian then is
that it should reproduce experimental results.

6 We de ne the commutation operator, denoted[¢; 4, as[A; B]” AB | BA.

” We de ne the anti-commutation operator, denoted f¢; ¢g asfA;Bg”~ AB + BA.
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2.2.2 Interactions

The interactions of the elds are obtained from the gaugeprinciple. This is doneby requir-
ing that a local phase,or gauge,transformation of the "eld shouldnot changeany physical
obsenables.Correspndingly, sud theoriesare often referredto as gaugetheories

A generallocal phasetransformation can be written as

L 0 ]
Al A=U®XA 2.7)
A1 AY= NUY(x);
where U(x) is a unitary matrix, i.e. UY(x) = Ui }(x), with determinart 1. In the caseof

U(1) transformations, U(x) reducesto an exponertial function

U(x) = €M,
where A(x) is an arbitrary, real function.

In the caseof SU(2) and SU(3) transformations we will write U(x) as
U(x) = geahat;

where ¢, are 2 £ 2 and 3£ 3 matrices, respectively, and A,(x) is a set of arbitrary, real
functions. To ensurethat det[U(x)] = 1 we must require the ¢-matricesto be traceless.

The requiremen that the physics descriked by the eld should be left unchangedwhen
we apply the transformation (2.7), is the sameas, up to atotal derivative? to require the
Lagrangianto beinvariant underthe sametransformation. But introduction of sud a local
phasetransformation will generally not leave the free- eld Lagrangian unchanged, since
di®ererniation of the transformed eld producesan extra term comparedto the original
“eld:

@A = @UX)A

(@U(X)) A+ U(X)@A:

To ensurethat the Lagrangianremainsunchangedunder the local phasetransformation,
we replacethe normal derivative, @, with a newderivative, D., called covariant derivative,
in such a way that

A° DAl A%TDOAY= At UY(x)DPU(X)A; (2.8)

Although not of interest for gaugetransformations, a more generaltransformation of the "eld may introduce
atotal derivative in the Lagrangian. But since nding the action involvesintegrating the Lagrangian over
all of space-time,the addition of a total derivativeto the Lagrangian doesnot changethe physicsdescribed
by it.
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or
D. ! D?= UXD:UY(x): (2.9)

Sud a replacemen of the derivative will typically introducenewtermsin the Lagrangian.
As we shall see,theseterms can be identi ed with the interaction between elds.

2.2.3 Perturbation expansion

When we know the Lagrangian of the eld, and hencethe Hamiltonian, we could, in
principle, nd the time ewlution of the "eld by solving the SdrAdinger equation

i%j@(t)i = H(D)jO()i: (2.10)

But for interacting elds this equationis in generalnot analytically solable. One approadh
which is often usedto nd appraximate solutionsof the equationis perturbation expansion.

To be ableto appraximate the solution using perturbation expansion,we needto have the
equation on a form wherewe can nd an exact solution, wasit not for the appearanceof
a small, perturbing term. This is indeedoften the casein the eld theorieswe are treating
here.The free- eld equationsare solvable,and the interaction terms are often small enough
to be successfullytreated as a perturbation.

We now write the full Hamiltonian of the systemasa sum of free- eld parts and interaction
parts,

H=Ho+ H; (2.11)

where(2.10) is solvablefor H = Hy. The ewlution of a state cannow formally be described
by the Scrddinger-like equation

i%j@(t)i = H, (1)jO(t)i; (2.12)
whereonly the interaction part of the Hamiltonian operateson the eld. This equationhas

the formal solution 7
t

jo()i = jii+ (i 1)  dtH, (t2)jO(ta)i; (2.13)

il

wherethe integration constan, jii isthe initial state,i.e.jii = j©(j1 )i. Iterating equation
(2.13), and taking the limit t! 1 , we nd

jo(1 )i = Sjii; (2.14)
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where
)Q‘ Z 1 Z t1 tni 1
S = (| |)n dtl dtz::: dth|(t1)H|(t2):::H|(tn)
n=0 il il il
X (i )" Z, Z, Z,
= nl dtl dtz::: dtanH|(t1)H|(t2):::H|(tn)g: (215)
n=0 . il il il

Here Tf:::g meanstime-ordered product.® Using (2.4) we put (2.15) into an manifestly
covariant form

o Z Z
XoainT

|
n=0 n:

S= d*%1d% s d* X, TEH  (X)H | (X2) 12:H Y (X0)G; (2.16)

wherethe integration is over all space-time.

The state j©(1 )i cortains all possible nal states, given the initial state jii. To calculate
the transition probability to a speci ¢ nal state jf i, we project out this state. Thus the
probability amplitude for the transition from the the initial state jii to the nal state jf i
is given by

Hjo(1 )i = i jSjii = Si: (2.17)

If now H, is suzciently small, we can use (2.16) as a perturbation expansionfor the
equation (2.14). This is the caseboth for electromagneticand weak interactions. For the
strong interaction, howewer, this is only true for suxciently high energies.

Eadh term in the S-matrix expansion(2.16) can be assaiated with certain Feynman di-
agrams. Using this correspndencewe can equate rules which allow us to read o® the
amplitude directly from the Feynmandiagrams.When doing this it is conveniert to write
the S-matrix on the form

X X 'Y 1Y 1Y

L= 4+ (28 41(4) i - B M ; 2.18
Sfl Hi ( /4 Pr i Pi r-'ZVEi I 2VEf ( )

i f I

where M is the Feynman amplitude. A summary of the Feynmanrules relevant for this
thesisare given in Appendix B.

2.2.4 Cross sections

Tobeableto compareour theory with experimertal data we needto calculatesomephysical
obsenable. The transition matrix, S, describesthe transition from the initial state to the

Time-ordered products are de ned such that the operators are applied chronologically, that is, the earliest
times are to the right and the latest times to the left. If two fermion “elds are interchangedto obtain time
ordering, a minus sign is intro duced.
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‘nal state, but it is not itself a physical obsenable. When studying one particle decaing
to two or more particles, the relevant quartity is the lifetime ¢, or equivalertly the decy
width | = % In collision processeswhich is what we will mostly study here, the relevant
quartity is the crosssectionor the di®eretial crosssection

The di®erenial crosssectioncan be written as

d¥, = %E wE (# of nal states)
X X Y 3
e U TR — SV (2.19)

4E1E2Vrel f 2(21/93Ef

Herev,, is the sum of the magnitudesof the colliding particles’ velocities relative to the
coordinate systemused.Note that with this de nition we canhavev,, > 1. A special case,
which will be useful for us in this thesis, is when we study the collision in the certre of
masssystem.Then we nd

_Jpd , jp2) _ . E1t+ Es.

S e+ i = : 2.20
] El E2 Jpl E1E2 ( )
If we want the covarianceof the crosssectionto be manifest, we use
£ )
ElEZVreI = (plqu)z i m%m% : (221)

2.2.5 Renormalisation

When doing perturbativ e calculationsin quartum eld theories,we facea technical prob-
lem. Even for the theorieswhere the expansionparameteris small enoughto allow for a
perturbation expansion,we nd that higher order corrections apparerily are not small.
In fact, these corrections cortribute with divergert integrals. These are problems which
seeminglyinvalidate our perturbative approad. Howewer, the divergencesare sometimes
removable, in which casewe refer to the theory asrenormalisable

We will not give a full technical description of the procedureof renormalisation here, but
only give a sketch of how it is done. Renormalisationis a two-step procedure|w e rst
regularisethe divergen integrals, then we remove the in nities.

The regularisation can be seenas a \parametrisation of the in nities". By modifying the
integral accordingto somesdeme,the divergenceof the integral can be avoided, but there
are parts which will divergein the physical limit. Theseare the parts which we have to get
rid of in the secondstep.

There are di®erent sthemesfor regularisation. Thesesthemesmay be very di®eren, both
technically and in how they shouldbe interpreted physically. Indeed,not all shhemescanbe
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given a physicalinterpretation. The important point is, howewer, that the regularisationwe
useis ableto produce predictions which are in agreemeh with experimertal obsenations.

After regularising the integrals the divergen parts are removed by absorbingthem into
bare parameterssud as those of particle chargesor massesand requiring normalisation
conditions which make the bottom line nite. This processmay look spurious, but it can
actually be given a physical interpretation. For instancewe may arguethat the charge of
an electronaswe obsene it is not the true charge, but only an e®ectie charge. Sincethe
electromagnetic eld which surroundsthe electronhasenergy there may be pairs of virtual

particles in it. The "eld will polarisethesepairs sothat they produce a screeninge®ect.
Thereforethe charge of the electronshould depend on the energyscaleat which we probe
it. And indeed,this is obsened|in high energycollisionsthe ne structure constart is not
measuredto be ® = 1=137, but somewhatlarger.

2.3 Quantum Electro dynamics

The rst quartum eld theory to be dewloped was Quantum Electrodynamics. This is
the description of the interaction betweenmatter and the electromagnetic eld. Sinceboth
guarks and leptons are spin-% particles, we will collectively referto them asfermions.The
free fermion eld can be descrited by the Lagrangian

L =A@ m)A: (2.22)

Sincethe electromagnetic eld couplesto charged particles only, what follows does not
apply to neutrinos, which are electrically neutral. We will hereprimarily focuson electrons,
but the generalisationto other chargedleptons and quarksis trivial.

QED is a U(1) gaugetheory, sothe gaugetransformation (2.7) takesthe form
A A0= @ ieA(x)A

(2.23)
AY 1 A= @ANAY:
Note that we have taken Q = | e, anticipating that we are describing electronswhich
have charge i e, with e > 0. If we want to descrike the interaction of quarks with the
electromagnetic eld, for instance,we shouldtake Q = %e orQ = %e.
The covariant derivative in QED then becomes
D: = @i ieA:; (2.24)

where A. must transform as

Al AP = Al + @AX) (2.25)
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to leave the Lagrangian (2.22) invariant. But this is just the familiar transformation for
the electromagneticpotertial, which we know leavesthe electromagnetic eld unchanged.
Thus by insisting on gaugeinvariance of the fermion Lagrangian, we have obtained the
fermion coupling to the electromagnetic eld, given by the extra term in the Lagrangian

L in teraction = eA1 (Ao ’ A) (226)

To make the description of the interaction of fermion elds and electromagnetic elds
complete,we must alsoadd a kinetic term for the electromagnetic eld to the Lagrangian.
The total Lagrangianthen becomes

L = L fermion + L in teraction + L EM
o1 X ig,::¢ 1 0
= A@'@j mA+eA ATA AP F (2.27)
where
F* = @A | OA° (2.28)

is the electromagnetic eld strength tensor.

2.4 Quantum Chromo dynamics

To descrike the strong interaction, a similar approad to that of electromagnetismcan be
used.Howewer, there is oneaspect that makesthings more complicated; experimerts have
shown that the charge of the strong interaction, often called colour charge,comesin three
di®eren varieties. We call thesevarietiesred, greenand blue. Sincethe colour chargecomes
in three di®eren varietiesthe quark eld must be represeted by an SU(3) triplet,

0 . 1

red
A=@ e\green A ; (2.29)
Ablue

and the simple U(1) phasetransformation we introducedin QED must be replacedby an
SU(3) transformation. Thus a gaugetransformation of the quark eld looks like

Al UA = exp(j igsT?Aa(x)) A; (2.30)
whereT? are the SU(3) generators.The covariant derivative takesthe form
D: = @ igsG:: (2.31)

For this covariant derivativeto transform correctly, we needthe gauge eld G: to transform
as

G ! UG:UYj jg(@U)uy: (2.32)
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Making the transformation in nitesimal we nd
G,! G,i @ (A + gf *#AGy; (2.33)
wheref 2°¢ are SU(3) structure constarts, de ned by [T#; TP = if a°T¢,

In a similar mannerto QED we can make a perturbation expansionto solwe the equations
of motion. But there is one problem which complicatesthe matter; the coupling \con-

stant" is not constan, but varieswith the energyscale.The couplingis strongestfor small
momenum transfers, and approateszero as the energyincreasesFor small momertum

transfersthe coupling constart istoo largeto permit usto make a meaningfulperturbation

expansion.

2.5 Electro weak theory

Also the weak force can be descrited as a gaugetheory. But the proper setting for this
description is not the weak force as sud, but the uni cation of the electromagneticand
the weak forces.We will referto this construct asthe electroveak force

To dewelop the electroveak theory we start by taking the free Lagrangian for massles¥
fermions, X
Lo= 1AM @\ (X); (2.34)
|
wherethe sum is over the di®eren fermion elds. Experimerts have shaovn that in weak
interactions, the right- and left-handed componerts of the fermion elds are a®ecteddif-
ferertly. In particular, the charged-curremn weak interaction only couplesto left-handed
fermionsand right-handed anti-fermions. To incorporate this into the theory it is usefulto
put the left-handedfermion elds togetherin a two-gnomponert iSo-spinor,
Mo
b= A
A (x)
while letting the right-handed fermion elds be isoscalarsUsing this new formulation, the
Lagrangiancan be rewrri]tten _
X B ) N [
Lo=  iZ7 (0@ () + IAR @R (x) + IAR (O@T (x) : (2.36)
|
Tointroduceinteractionswith gauge elds, werequirethe Lagrangianto beinvariant under
the SU(2) - U(1) gaugetransformation.
3

(2.35)

! ,
Al A°= exp i%Aa(x) £ exp(iy; (X)) A; (2.37)

10The simplest version of the electroweak theory doesnot permit masseseither to the fermions, nor to the
intermediate gaugebosons.
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Here A4(x) are three arbitrary, real di®eretiable functions, and y; are the hypercharges
of the fermion "elds. To obtain gaugeinvariance we replacethe normal derivative by the
covariant derivative

D: = [@ + igW: (x) + ig%; B: (X)] ; (2.38)

whereW.: (x) is invariant under U(1) hyperdharge transformations and B. (x) is invariant
under SU(2) transformations. Using this covariant derivative the requiremen on the force
“elds are that they transform as

B:(x) ! BPX)=B.(x)+ é@_(x) (2.39)
Wi(x) ! WIx) = UX)W: (X)UY(x) + Q—JU(X)@UV(X); (2.40)
where 3

U(X) = exp i%ﬁAa(x) :

Making the transformation (2.40) in"nitesimal, and usingW: (x) = 2W?(x), we nd
Wla I WlQi - Wla + }@Aa_,_ zabCAbW10+ O(AZ)
g
The interaction part of the Lagrangiancan now be written

Yo Y
T W00 i 9% BOOI + ARl ig°B (X)IAT

L

JPSIIVOOW: (0 + 3" COWXOOT - 935 00Wa: (9 1 605 (X)B (x); (241)

where
1 1 a1 —_— 3/ 1 — ?/ 1
I = 4Qy i ;)= 4F, Setalbya  Zetaty
2 2
1 _I-B/@o1 .
J3 = aIE ar;
1 1—L°1 ol X
Jy = iéal a|LiA|R AR;
and

1 .
W. = p—é(Wll i |W21):

The rst part of the interaction Lagrangian (2.41) represets coupling of fermions to
charged gaugebosons.Thus W: and WY can be iderntied with the WS particles. The
secondpart of the interaction Lagrangianrepresets coupling of fermionsto neutral gauge
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bosons.Howewer, Wa: and B: cannot be identi ed with any physical particles, but linear
combinations of them make up the Z°-bosonand the photon. Speci cally,

z?0 cospw Wa: i Sinpw B: (2.42)

o
1

sinpy W2 + cosphy B : (2.43)

Requiring this formulation of electromagneticinteraction to ce®ncidewith the results from

QED, we nd
0. €

9= COSHhy

To complete this description, we have to add kinetic terms for the gaugebosonsto the
Lagrangian. For the U(1) gauge eld we add

i %Bm (x)B” (x); B~ @B'j @B": (2.44)

in analogy with the electromagnetic eld strength tensor (2.28). For the SU(2) elds we
add
1 10 10 ’ 1 [o] 1 o]
i 7Ga0 (0G5 G, QW, | @W, + g2*W, W, :
Note that, in addition to the free- eld terms, there areinteraction terms describingcoupling
betweenthree and four gaugebosons.

2.5.1 The Higgs mechanism

The presenation of the electroveak theory so far has assumedthat both the fermions
and the gaugebosonsare masslessExperimertally we know that this is wrong; both the
fermionsand the gaugebosons exceptthe photon, are massive. Na&vely we could introduce
massedy addingto L

1 1 1 ~ ~
m\ZN YW + émgzlz i m|A|A|i molelelj

Unfortunately, this would breakthe SU(2)- U(1) gaugeinvariancesincetheseterms couple
right- and left-handed componerts of the eld. Sincegaugeinvarianceis the principle on
which the theory is built, this is unacceptable,so we needto introduce massesby other
means.

Spontaneoussymmetry breaking provides such an alternative way to introduce massesn
the theory. This medanism relies on coupling to a scalar eld with a degenerateground
state. Sincea scalar eld hasno preferreddirection, there can exist sucd a eld which per-
vadesall of space-timewithout breakingany symmetry laws. And by requiring the ground
state to be degenerate,the eld can be assigneda non-zerovacuum expectation value
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while still being symmetric. Sincethe ground state must chooseone particular state out of
the allowed cortinuum of possiblestates, this symmetry will, however, be spontaneously
broken.

The particular implemertation of the spontaneous symmetry breaking in the Standard
Model is called the Higgs medanism, namedafter the British physicist Peter Higgs who,
together with Franeois Englert and Robert Brout, proposedthe medanismin 1964.

Through their couplingsto the Higgs “eld the masseof the W& and Z° bosonsnaturally
emergewhile the photon remainsmasslessAlso, through Yukawa couplingsof the fermion
“elds to the Higgs eld alsoleptons and quarks can be given masseswithout breakingthe
gaugesymmetry.

The introduction of this scalar eld implies the existenceof a spin-0 particle, known asthe
Higgsboson!! Sofar, no sud particle is obsened, but its existenceis absolutely necessary
for the theory to work. Unfortunately the massof the Higgsbosoncannot be predicted by
the theory.

11 Someversionsof the Higgs mecanism require more than one spin-0 particle.






Chapter 3

General Theory of Relativit y

Gravity is the fundamenal forcethat we have most direct experiencewith in everyday life,
and it wasalsothe rst of the fundamenal forcesto be givena proper scierii ¢ treatmernt.
The descriptiongivenby Newton did indeedgive exactresultsboth for phenomenaon earth
aswell asfor the motion of celestialbodies! But after the developmert of specialrelativit y
it was clearthat Newtonian gravity could not be correct; accordingto Newtonian gravity
interactions at a distanceare instantaneous,in cortradiction with the speedof light being
the maximal velocity of propagation. A theory of gravity which respectedspecial relativity
was needed,and in 1916Einstein presened the answer| the generaltheory of relativity.

We start the discussionof the theory by presening the principles on which it is built.
Then, before proceedingto the derivation of gravitational equations,we needto have a
look into the mathematics usedto descrike curved space-time.The mathematicsusedis
Riemanniangeometry originally devisedas a pieceof abstract mathematics,but Einstein
found it perfectfor the description of gravity. We will not go deeplyinto this matter, but
only quote a few resultsthat are neededin deriving the equationsthat govern gravity.

3.1 Underlying principles

The special theory of relativity is deducedfrom two simple principles:

2 The speedof light in vacuumis the samein all inertial systems.
2 All laws of physicsshould be invariant under transformations betweeninertial systems.

In generalrelativity thesestatemerns still hold true, but in order to include gravitational

e®ectsthe latter hasto be generalised.In particular, it is no longer suxcient to consider
transformations betweeninertial systemsonly, but to allow for transformations between
any two systems.By using the Principle of Equivalencé;

1 The exception here is the unexplained perihelion shift of Mercury.
2 Quoted from Weinberg [4].

21
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At ewery space-timepoint in an arbitrary gravitational eld it is possibleto
choosea \lo cally inertial coordinate system" sud that, within a suzciently
small regionof the point in question,the laws of nature take the sameform as
in unacceleratedCartesian coordinate systemsin the absenceof gravitation.

we seethat the inclusion of non-inertial framesfacilitates the embedding of gravity into
the theory. The \lo cally inertial coordinate system" we should chooseis the frame attached
to a body which movesunder the in°uence of no forces,save those from the gravitational
“eld itself. We call this frame a freely falling coordinate system. If we obsene a patrticle
moving in a gravitational eld, not in°uenced by other forcesthan gravity, its equation of
motion relative to the freely falling coordinate systent is simply

d?y®
= 0; A
a0 (3.2)
with the proper time ~
d¢? = " ody®dy :

We recognisethis as a straight line in space-time.

Expressingthe proper time in an arbitrary coordinate systemx’ we nd

- @® 1 @ o ., 1 o
de? = o —=—dx' =—dx o dx dx’; 3.2
é ® & @& O (3.2)
where @° @_
E o 3.3
O @ ac ° (3.3)

is the metric tensor. The metric tensorplaysthe role of the Minkowski tensor” - whenthere
is a gravitational eld presen. Indeed,if there is no gravitational eld, the metric tensor
reducesto the Minkowski tensor. If this condition holds true, we refer to the space-time
as‘at or Galilean. Unlike the Mink owski tensor, the metric tensor is generally coordinate
dependen.

Transforming equation (3.1) into the coordinate systemx” we nd
d P @oax

d, @ de

@® d°x’ .\ @y® dx' dx*
@ d¢2 @@ d¢ dg’
Multiplying by @ =@® and using

0 =

@@ _, .
@ @

If the gravitational "eld is inhomogeneousit is essetial to take the freely falling coordinate system at
that point at which the particle is at eadh momen.
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we can expressthe equation of motion in the coordinate systemx” by

d?x dx* dx’
0= d—¢2 + i d_(,d_(,, (34)
where & @
, : Yy
i io — = = 3.5
" ere@ (3:5)

i 1o IS calledthe atne connectionor the Christo®elsynbol. Note that j ;,» doesnot trans-
form asatensorsinceall its componerts canvanishin onecoordinate system,which is the
casein the freely falling coordinate systemy®, while in other coordinatessystemsthere are
non-vanishing componerts. A coordinate systemwhere all componerts of the Christo®el
symbol are zerois called a locally inertial system Note that ewen if a systemis locally
inertial the Christo®elsymbol may still have non-zeroderivatives.

Equation (3.4) hasthe sameform as the equation of motion for a particle in an inertial
systemin®uenced by an external force. This suggeststhat the term proportional to j i

should be interpreted as a gravitational force. Thus to determine how a particle moves
under the in°uence of a gravitational eld, we haveto nd the functional form of j .. . To
relate the Christo®elsymbol to the metric tensorwe start by di®erertiating equation (3.3)
with respectto x- and usede nition (3.5),

@ _ @ Q. ,@ @ .
@ aa @& ® aax ”
@@ . | @@ .

|31 3 o ® |=° 1 :y®

@ @& @ @

= (%Optisgu (3.6)

Adding to (3.6) the sameequation with * and , interchangedand subtracting the same
equationwith © and , interchanged,we nd

@ @ @
@’ @1 | @0

_ . ¥, ¥, P N 7
= i 0t io0nt il O tindui iaaGsi io Ou

— 7 .

= 2|:1“ O ; (3.7)

wherewe have usedthe fact that go and j *» are symmetric under interchangeof ! and
°, (The latter is easily seenfrom the de nition (3.5)). Multiplying equation (3.7) by g°*
and using " gy = £2* the Christo®elsymbol can be written as
U 1
.1/2_101/2@1°+@,° @1 .

R A S (3.8)

4 Note that this meansthat g’ *is the inverseof the metric tensor.
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We seethat the Christo®elsynmbol, and hencethe gravitational e®ect,is completelydeter-
mined by the metric tensor. Note the important fact, which is easily seenfrom equation
(3.8) using that g = " in °at space-time,that in the absenceof a gravitational eld
i io ’ 0

An important consequenceof the Principle of Equivalenceis the Principle of General
Covariance

A physical equationholdstrue in a gravitational eld if it hasthe sameform
in any coordinate system,and it is true in the absenceof a gravitational “eld.

To seethat this follows from the Principle of Equivalence,obsene that the latter principle
guararteesthat there is a transformation to a locally inertial coordinate system|that is,
to a coordinate systemwherethere are no gravitational e®ects.

To ensurecovariance, we should expressall equations using quartities which transform
covariantly. Scalars vectors and tensors have exactly this property, and are precisely
what we will use.The simplesttransformation law is that of a scalar;scalarsare invariant
under coordinate transformations. A cortravariant vector, A transforms as

¢
Al A® = %A": (3.9)
A covariant vector transforms as
Al A% = %Ao: (3.10)

Tensorsof higher rank transform accordingto a generalisationof (3.9) or (3.10) depending
on whether the indices are cortravariant or covariant.

3.2 More on the metric tensor

The metric tensoris de ned in equation(3.3). As noted in the last section,assaiated with
the metric tensor, there is a cortravariant tensorg” which is the inverseof go ,

Qo 0 = & (3.11)

Indicesof tensorscanbe \raised" or \lowered" usingg” or g. in exactly the samemanner
asis doneusing the Minkowski tensorin °at space-time.

In addition to the metric tensoritself, alsoits determinart,

g~ detgo; (3.12)

A scalaris really a tensor of rank 0, and a vector is a tensor of rank 1. Becauseof this, when we say that
something holds for tensors, scalarsand vectors are implicitly included.



3.3. COVARIANT DIFFERENTIA TION 25

will prove to be important. Using the transformation law for tensors(3.10), we nd that

Y Y
g (x9 = %%%%X); (3.13)
which implies E u @ 'ﬂZZ
g’= —det @ ¢ (3.14)

Note that sincewe can always choosea locally inertial system,there is a systemwhere
g~ detg. =det’w =j L (3.15)
Thus the determinart of the metric tensor is everywherenegative 8

From equation (3.14) follows the mE)ortant fact that d*x is not invariant under a gen-
eral coordinate transformation, but d4x is. @Bls meansthat when goingto general
relativity we should everywherereplace d“x by 7 gd*x.

3.3 Covariant di®erentiation

Oneimportant consequencef the metric being dependent on the coordinatesis that our
usual notion of di®ereniation fails when applied to vectorsand tensors.As an examplewe
will study the di®erettial of a cortravariant vector. The cortravariant vector transforms
accordingto the transformation law (3.9). Thus, the di®eretial is given by

o T o

@DA° B STCIRCI
@ @ @ @
from which it canbe seenthat di®eretial of a vector is in generalnot a vector itself, since
equation (3.16) shows that dA° does not transform accordingto equation (3.9). This is
becausedi®erettiation involves comparisonof vectors at di®eren space-timepoints. But
sincethe metric may di®erfrom point to point in space-time,a nade comparisondoesnot
necessarilynake senseTo make the comparisonin a valid way, we will haveto in someway
translate one of the vectorsto the samespace-timepoint asthe other. This procedurehas
the consequencéhat the normal derivative will have to be replacedby a new derivative,
called the covariant derivative,

dA® = d

(3.16)

TGN L o
A —+i.A 3.17
et (3.17)

- @\1 o o
A i i: A 3.18
B (3.18)

Note that for our choice of metric, this is not generallytrue when generalisingto more than four space-time
dimensions.But for a given number of dimensions,the sign of the determinant will always be the same.
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wherej ', is the Christo®elsymbol asdened in equation (3.5). It can be shavn that the
covariant di®erenial of a vector, DA* =~ A’ . dx-, transforms as a vector [4]. Also, since
i 1,5, 0in °at space-time,the covariant derivative reduces,asit should, to the normal
derivative when evaluated in °at space-time.

We will later needthe covariant derivative of the metric tensor. This can easilybe obtained
by ewaluating (g. A*). , where A’ is an arbitrary vector, in two di®erert ways. Using the
chain rule we nd

(G A'), = QoA +A'Qo. = Ao, +AQo.: (3.19)
But on the other hand, we have
(ge A"). = Ao, : (3.20)
SinceA. wasarbitrary, we concludethat

go. = O (3.21)

3.4 Some useful tensors

The Lagrangian of the gravitational eld should be built from tensorsdepending on the
metric and its derivativesonly. One sud tensoris the Riemann, or curvature, tensor [4]"8

R I @io . @i%+.%. . Y. . (322)
B N~y B L (R (774 B ItV [ 7 .
@* @

The Riemanntensor cortains all information about the curvature of the space-time,soit
will obviously be very usefulto us. The Riemanntensor has someuseful properties, which
we will list herewithout proof:®

R 1= Rio 3,= | Ry (3.23)
R 3= Roy: (3.24)
R 1+ Royu+ Rywo =0 (3.25)
R%0 4+ R%p0+ R%0 3 = 0 (3.26)

Equation (3.26) is known asthe Bianchi idertit y.

7 Someauthors de ne this with the opposite sign. The choice of sign of the Riemann tensor will determine
the sign of the coezcient of the energy-momernum tensor in the gravitational “eld equations.

8 Note that even though it is composedof the Christo®el symbol and its derivative, which are not tensors,
the Riemann tensor is a tensor.

9 For proof, seefor instance Landau and Lifshitz [5].
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By cortracting indices on the Riemann tensorswe obtain somenew useful tensors. Con-
tracting the rst and third index we obtain a rank two tensor, known asthe Ricci tensor,

Ru/2 ’ g’(J R’lo Yo (327)
From equation (3.24) it is easily seenthat the Ricci tensoris symmetric,
Ru, = Ry,:

If we cortract the indicesof the Ricci tensor, we are left with a scalar. This is the scalar
curvature,
R ’ gll/zRu/z - glj/zg’o R’lo ]/2 (3.28)

This scalar will prove to be vital in the dewelopmen of generalrelativity sinceit, as a
scalar, is invariant under coordinate transforms, and not only transforms covariantly as
generaltensorsdo.

3.5 The Einstein equations

We will obtain the equationsfor the gravitational eld by the variational principle. The
requiremern that the action should be extremal givesthe condition that

HSy+ Sm) = 0, (3.29)
where S, and Sy, are the actionsfor the gravitational eld and for matter, respectively.

The action for the gravitational eld should depend on the metric, giving the form
z
5=~ L Lgdx 3.30
9= 5 g 190X (3.30)
where - is a constart to be determinedfrom the condition that the eld equationsshould
reduceto Newton's law in the weak eld limit. L 4 must be a scalarin order to be in-
variant under transformations. As obsened earlier, the gravitational e®ectsare completely
determined by the metric tensor end derivativesthereof. ThereforeL 4 should depend on
nothing more. The simplest choice of a scalardependen on the metric and its derivatives
is the Ricci scalar,R. In addition to the Ricci scalarwe can add a constart term, a. This
is the so-calledcosmologicalconstart. The action for the gravitational eld is then given
as'o 1 z
s,= — (Ri 20)°Tgd'x (3.31)

10Since R dependsnot only on the metric and its rst derivative, but also on the secondderivative of gw ,
this action integral is not strictly correct. However, upon variation the problematic terms canceland will
consequetly not causeany trouble. For a more detailed discussionof this problem, see[5].
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Similarly, for matter the action is given by
Sn= Lum igd¥ (3.32)

wherelL ., is the Lagrangiandensity of matter and energy

The variation of Sy yields

sy = o ‘ ug° R P71 204P TG d'x
= Zi ‘ ©gl° P i g#Rw + Rw Hg" P P 0)i 2a4P ﬁa d*x
= Zi_z uRw i %R Qo + B Qo ﬂ s PTgdx; (3.33)
wherewe have used+p i g= 4@*—% = %p i 0ge #g” . In the secondline, the term in the

integrand cortaining xR can be written as a total derivative [5], and henceit givesno
cortribution after integrating over all of space-time.

The variation of S, yields [5]
Z 1/2 —_ 10 ﬂ3/
(@)ing) 10 (@Elng) )

1S, = LMy L d
* @ @@ —@)" @» X
1/ _ 3/4
_aPram @t dran ™,
@ @- @@m —@) B
Z
1 g Prgax (3.34)

2

sincethe matter Lagrangianin generaldependsboth on the metric and its derivative. Note
alsothat a total derivative is discardedwhen going to the secondline sincethis will not
cortribute after the integration.

The tensor T given by

kY - 1%
@ion) @ @ io.n

@ ' @ @@” @)

is the energy-mometum tensor of the systemdescriked by the LagrangianL .

2
Tw = p_ (335)
ig

Combining (3.33) and (3.34) we nd the Einstein equations

1
R j égw R+10go = Tw: (336)
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Cortracting the indicesin (3.36) we nd R = T + 4a whereT ~ T'.. Using this, the
Einstein equationscan be written

1
Ro = j « (Tw j éTgm )i BQo: (3.37)

To determine the constart -, we require equation (3.37) to reduceto Newton's equation
of gravity when the curvature of space-timeis small and all velocities involved are much
smallerthan the speedof light. We alsosetthe cosmologicaktonstart equalto zero,a = 0.
The action integral for a non-relativistic particle in the weak eld limit is [5]*!
Z .
S= | me uc- V2+Aﬂdt' (3.38)
=1 | 2 c ’ .

where A ig, the Newtonian potential of gravitation. Comparing this with the expression

S=jmc d¢, with d¢? = go dx dx’, we nd
d¢= cj —+ — dt (3.39)

By squaringthis equation and discardingterms which vanishwhenc! 1 we nd
de? = (L+ 2A=¢&)Adt? dr?; (3.40)

where we have used vdt = dr. We therefore conclude that in the weak eld limit
go ' (1 + 2A=@&). Thus, using the Poissonequation for the gravitational “eld; r 2A =
i/ SN

2 . L/
oo ' T PA= 87n

' c? c?

Yo: (3.41)

whereYzis the massdensity which is the sourceof the potertial.

Sincewe are now consideringweak elds, the terms in the Ricci tensor, (3.27), quadratic
in the Christo®el symbol can be neclected.In the non-relativistic limit we can further
neglectall time derivatives sincethe factor 1=c will make them small comparedto space
derivatives.Hence,in the non-relativistic limit we nd

1 @9 . .1 , .
2@ G | > “Goo: (3.42)

Also in the non-relativistic, weak "eld limit, wehave? T' To' ¥4[5]. Usingthe Einstein

equationson the form (3.37) we nd
H 1 1 _
Roo=1i - Tooi éTgoo L 51/25 (3.43)

Roo '

1we will here explicitly include the speed of light, c, to make the non-relativistic approximations more
apparert.
12No longer explicitly including c.
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Comparing equations (3.41), (3.42) and (3.43), we nd - = 8YGy. Thus the Einstein
equationscan be written in its nal form, wherewe have include the cosmologicakonstart
again,

1
R i Eglo R+ BCo = j 81/GNT10: (344)

Contracting the Bianchi idertity, (3.26), we nd

0 = g8 (R™o s+ R0 + R% 1)

o] 1
0" (Rossi Ruso + R osp)

o 1
Rosi Ry i Riyg;

or

1@R
26
wherewe have usedthe fact that covariant di®erertiation is equivalert to normal di®eren-
tiation for scalars.

Rlo;l = (345)

Inserting (3.45) into equation (3.44) and usingg. . = 0 we nd
Tlo;l =0 (346)

asa consequencef the Einstein equations.Since(3.46), expressinghe consenration law of
energyand momertum, cortains the equationsof motion of the physical systemto which

the energy-mometum tensorunder considerationrefers,the equationsof the gravitational

“eld also cortain the equationsfor the matter which producesthe eld. Therefore the

distribution and motion of matter producing the gravitational eld cannot be assigned
arbitrarily , but must also be determinedwhen solving the equations.

3.6 Vierb eins

The formalism for general relativity as presetted so far only works for objects which
transform astensorsunder Lorentz transformations. Both scalarsand vectorsare included
herein.But we will alsohaveto considerspinor elds, and they do not transform astensors.
To facilitate the inclusion of spinorswe introduce a new kind of object, €., through the
relation

go = €4 (X)€% (X) an; (3.47)
where
@]

e (X))’ & ;
X=X

a;t =01,23 (3.48)
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Hereyx ® is a set of coordinateslocally inertial at X . Sincethe coordinatesyx ® are “xed
for ead point X, €% transformsas
@0
e(x)! B (x9= @eao (x) (3.49)
under a transition from coordinatesx” to x®. Obsene that (3.49) is not the usual trans-
formation law for tensors.Rather, €*: forms four covariant vector elds. This set of four
vectorsis known asa vierbein or a tetrad.

Using the vierbein, we can refer the componerts of any cortravariant vector A* (x) at X
to the locally inertial coordinate systemyy 2 by

oA = e A" (3.50)

In e®ectthe vector eld is replacedby four scalars,denotedeA?, a = 0; 1; 2; 3. Similarly,
covariant vector elds and tensorscan be replacedby a set of scalarsusing the vierbein.
For covariant vector elds, we use

& = g €4 (3.51)

which transforms as @c
& (x) ! egl (X() = @eoo (x): (3.52)

Note that the rst index is lowered using the Minkowski tensor “ 5, whereasthe second
index is raised using the metric tensorg” .

Using this formulation, the action should depend only on scalars,and not on the vectors
and tensorsfrom which the scalarsare produced. Also, spinor elds can be included on
equalfooting by transforming them into a set of scalarsin the sameway.

The matter action should now be constructed so asto meet two invariance principle, in-
stead of only one aswe usedpreviously Thesetwo principles are:

2 The action must be generally covariant, with all elds treated as scalarsexceptfor the
tetrad itself.

2 Special relativity should apply in locally inertial frames,and it should make no di®erence
which locally inertial frame we chooseat ead point.

Now, consideringa Lorentz transformation ©2,(x), an arbitrary “eld ©A,(x) transformsac-
cording to [4] X
oA, (x) ! [D (@(X))]am 2 Am(X); (3.53)
m
where D (2( X)) is a matrix represetation of the Lorentz group. This transformation rule
works both for Lorentz scalars,Lorentz tensorsand Lorentz spinors. Thus we now have a
framework where spinorsare treated in the samemanner as scalarsand tensors.
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To usethe variational principle, we needto study how the objects involved changeunder
a coordinate transformation. Sinceall objects, save the vierbeins themseles, are coordi-
nate scalars,we only have to study the impact of variation on vierbeins and scalars.An
in nitesimal coordinate transformation,

¢}

1
|

' x% = x +"(x);

wherej"" | is very small, changesthe vierbein, e,", by the amourt
0, (x) T & (X)i e (X)

e (x% "M i e (X)

01
= & (9 %@"’(X)i & (Xﬂ)
¢ u ¢
- e;(x)goi @@ go & () ()i e (x)
= el By, (354

Under the samecoordinate transformation a coordinate-scalar eld, A(x), changesby the
amourt

#AXx) A1) i AX)

= AU% )i AKX) (3.55)
= 1 B (3.56)

Vielbeins

When applying this theory in more than four space-timedimensionsthe conceptof vier-
beinsneedsto be generalised.The generalisationis straightforward; let (3.48) become

Haneo!
@M x=X .

sudh that we get a set of D covariant vector elds. We call the set f;, a vielbein. The
transformation law for the vielbeinsis given by

em(X)’

aM=01:::;Dj 1 (3.57)

@N

e (x)! e (x) = @ &n (x): (3.58)
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3.7 Quantum gravity?

General relativity as described above is a classical eld theory. To incorporate general
relativity into the Standard Model, it will have to be quartised. This proves,however, not
to be straightforward. A canonical quartisation of gravity leadsto a non-renormalisable
theory.

One possibleway to deal with this problem is to work in terms of e®ectie eld theories.
Rather than trying to construct a complete,renormalisablequartum theory of gravity, we
can avoid the divergencesby using an ultraviolet cuto®. This way we can hope to get a
theory which givescorrect predictions when applied to low energyphenomenabut which
cannot give any high energypredictions.






Chapter 4

Extra Dimensions

We are usedto think of our world as four-dimensional,having three spatial and one tem-
poral dimension.But Kaluza put this \obvious" fact asideand asked whether there could
be an extra, unseendimension.By solvingthe Einstein equationsin v e dimensionsrather
than four, and letting the extra dimensionbe accessibleonly to gravity, Kaluza shaved
that not only the equationsof gravity come out, but also the equations of electromag-
netism. This is of courseby no meansa proof that an extra dimension exists, but it is
a very interesting result which makes a more thorough study of this apparerily bizarre
ideaworthwhile. Further hints that the idea of extra dimensionsare worth consideringare
provided by superstring theory. This theory, which presertly is the only candidatetoward a
uni cation of the Standard Model and generalrelativit y, requires10dimensionsor perhaps
even 11in the context of M-theory, to be self-consisten

But sinceour world \obviously" hasfour dimensionsonly, how canthesetheoriesintroduc-
ing extra dimensionsmake any sense? he standard solution to hide the extra dimensions,
‘rst proposedby Oslar Klein, is compacti cation, i.e. the extra dimensionsare thought
to be curled up to sud a small extert that they cannot be obsened. But even with this
explanation of why we do not seethe extra dimensions,the conceptis dixcult to give an
intuitiv e, physical meaning. The closestwe can get is probably a lower-dimensionalanal-
ogy; along, thin tubeviewedfrom a distanceappearsonedimensional|the only dimension
being length. But a closerlook revealsthat it also hasa nite circumference.Moreover,
the circumferenceis periodic, meaningthat moving in that direction can take us bad to
wherewe started from without turning around and go badk the way we came!

Convertionally extra dimensionshave been supposedto be compacti ed to order of the
Planck scale,i.e. about 10 %> m, but the last few yearsa seriesof new scenariosinvolving
considerablylarger extra dimensionshave been proposed. These new scenarioshave one
big advantage comparedto the older ones;whereaswe may probably never be ableto probe

Note that this analogy is not perfect; the \tub e universe" exist in a four dimensional space-time, while
we really want to discussa 4++ dimensional universe which does not rely on some higher dimensional
space-time.

35
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distancesas short as 10 3> m, the new scenariosprovide predictions which can be tested
in the next generationof particle colliders.

4.1 The ADD scenario

The rst of these new scenariosinvolving large extra dimensionswas proposedby Nima
Arkani-Hamed, Savas Dimopoulos and Gia Dvali [6] in 1998. The main motivation for
their scenariowasthe so-calledhierarchy problem. The hierarchy problemis an important
obstaclein the seart for a theory which uni es gravity with the other fundamertal forces.
The problem is that while ead force hasits characteristic energyscale,the gap between
the scaleof gravity and the scaleof the other forcesis enormous.In fact, the electroveak
scalemgy, is about 10° GeV while the characteristic scalefor gravity, the Planck scale,
Mp, is about 10*° GeV.

What Arkani-Hamed, Dimopoulosand Dvali realisedwasthat the Planck scalemay after
all not bethe proper scalefor gravity. If there exist extra, compacti ed dimensionsthen the
four-dimensional Plandk scalewould only be a derived scale,and the truly fundamertal
scalewould be the Plandk scaleof the full-dimensional space,Mp. Moreover, the full-
dimensional Planck scalewould be smaller than the four-dimensional Planck scaleby a
factor proportional to the volume of the compacti ed dimension. This meansthat if the
compacti cation volume is allowed to be large enough,the fundamenal scaleof gravity
could be brought down from its supposedenormousvalue to the sameorder as the scale
of the gaugeforces.

For the sale of simplicity all the extra dimensionsare normally taken to have the same
compacti cation radius, R, thus they constitute a °at torus. This assumptionmay very
well prove to be too simple, but it makes the calculations more tractable and we may
expect to at least derive somegenericproperties of theorieswith large extra dimensions.

To derive the relationship betweenthe four-dimensionalPlandk scaleandthe D = 4+ %
dimensionalPlanck scale,considertwo test massesm; and m,, within a distancer ¢ R.
Using Gauss'law we nd that they feela gravitational potential
mim, 1

++2 p++1
M++ r
D

Equation (4.1) showvs that on distancesshorter than the compacti cation radius, the grav-
itational attraction grows faster then what standard four-dimensionalgravity predicts.

V(r) » 4.1)

If we on the other hand place the massesat a distancer A R the extra dimensionsare
not accessibleand we nd a normal 1=r potential,

mims, 1

V(I’) » m;

(4.2)
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But we know that on macroscopidalistancesgravity is descrited by the Newtonian potertial

mamz 1. 4.3)

V(r) » MZ T

Thus to have a consisteh theory, we must require (4.2) and (4.3) to be the same for
distancesr A R. From this we seethat the e®ectie four-dimensionalPlanck scaleis

Mg » Mg R, (4.4)

which demonstratesthat the proportionality factor betweenthe four-dimensionaland the
full-dimensional Planck scalesessetially is the compacti cation volume of the extra di-
mensions.

If we now take Mp » mgw, we nd that the spatial radius of the extra dimensionsis

"1

Tey 12
m

Mew

R» 10%i 19f (4.5)

If we for instanceput + = 1 we nd that the required size of the extra dimensionsis
R » 10" m. Accordingto M-theory, the number of space-timedimensionsis 11. Taking all
seen compactdimensionsto be large, this would correspnd to a compacti cation radius
of R » 10 ¥m.

We seethat the compacti cation radii suggestechere are gigartic comparedto the earlier
assumedsize of extra dimensions.In fact they are so large that one should presumably
expect them to be in conict with to existing data.? Apparertly this would render the
scenariouselessput there is a loophole; the experimertal data for gravity do not by far
match those of the gaugeforces.In fact, gravity is only probed accurately down to little

lessthan 1 mm. Soif the extra dimensionsare only accessibldo gravity, this can explain
why the e®ectsare not seenso far, while at the sametime leaving the above discussionof
the fundamertal scaleof gravity true.

The case+ = 1 will have to be discardedewen if only gravity propagatesin the full
dimensionalspacesince 10''m is sud a large compacti cation radius that even on solar
system distancesthe gravity would have been changed.But if we go to the case+ = 2
we nd R » 100" m which is not ruled out by gravitation data. The ADD scenariowith
only two extra dimensionsis, howewer, disfavoured by astrophysical obsenations. This is
becausesud large extra dimensionsimply, as discussedelow, the existenceof very light
Kaluza-Klein excitations of the graviton which may give a too large cortribution to the
cooling of supernovae. Increasingthe number of extra dimensionreducestheseconstrairts,
and is thus favourable.

2 The highest energy collider experimerts have a resolution of about 10 *¥m.
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4.1.1 Kaluza-Klein states in the ADD scenario

Using curled up dimensionsimposesperiodic boundary conditions on the elds which
propagatein thesecompactdimensions.Explicitly , the gravitational eld must satisfy

A(x;y) = Ay + 2VR); (4.6)

wherex refersto the coordinatesin the 3+1 extendeddimensions,y the coordinatesin the
compacti ed, extra dimensionsand R is the compacti cation radius. Considering a free
particle solution with momerntum p = fpy; p,g,

A(X, y) = eiPxXeiPyy;

the periodicity in the extra dimensionsimposesthe quartisation condition
py:@; A= (NN iiiny) n=012::: 4.7)

on the momenum p,. Sincewe are not ableto obsene the propagationin the extra dimen-
sions,the momertum in thesedimensionsappearsto us asa mass.Thus the propagation
of gravitons in compacti ed dimensionsgivesriseto an equidistart spectrum of apparertly
massie graviton states. This spectrum is referred to as a Kaluza-Klein tower. Further,
sinceR is supposedto be large, the splitting betweenthe states can be so small that it
looks almost like a cortinuum. This large number of excitations give the solution to the
hierarchy problem|eac h gravitational mode still couplesto the Standard Model eld pro-
portional to V'pz, but the number of modesis so large that their conmbined cortribution
becomessizable.

The large size of the compacti cation radius also implies that the rst excited graviton
statesarevery light. This is exactly why the ADD scenariowith only afew extra dimensions
is so strongly constrainedby astrophysical obsenations.

4.2 The Randall-Sundrum scenario

Another scenarioproposedto solve the hierarchy problem, which is quite distinct from the
ADD scenario,was proposedby Lisa Randall and Raman Sundrum [7] about a year af-
ter the initial paper from Arkani-Hamed, Dimopoulosand Dvali. While the ADD-scenario
required two or more extra dimensionsto be consisten with existing data, the scenario
proposedby Randall and Sundrum (RS)? introducesonly one new dimension. The setup

Randall and Sundrum actually proposedtwo di®erert versionsof their scenario,referredto as RS | and
RS II. Although the RS Il scenariocan give an interesting modi cation of gravity, possibly allowing for
signalsin sub-millimetre gravitational experimernts, it does not provide a reformulation of the hierarchy
problem [8]. Therefore we will only considerthe RS | scenariohere, and simply refer to it asRS.
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is not that of standard compacti ed dimensions,though. Instead Randall and Sundrum
introduced a space-timewith two (3+1)-dimensional branesseparatedin the fth dimen-
sion. The space-timeis assumedto be of a non-factorisablenature, with a metric on the
form )

ds? = @ A, dx'dx” § r2dA? (4.8)

wherex are the coordinatesof the (3+1) dimensionson the branes,and j ¥4- A- Yisthe
coordinate of the extra dimension.The sizeof the extra dimensionis setby the parameter
r. which is the \compacti cation radius" of the extra dimension. The parameterk is the
curvature of the bulk. To make the theory consisten for low energiesit is required that
the curvature is not too large; k=M p should not be larger than about 0.1 [8].

In this setupfour-dimensionalmassscalesare determinedby v e-dimensionainput param-

eters and the warp factor e %<, Sincethe warp factor givesan exponertial dependence
on the extra dimension,a large hierardhy can be generatedeven without a very large value

of re. Actually, with k in the above-menioned rangeand kr » 11j 12, which we will show

is the condition for the scenarioto be a solution to the hierarchy problem, r. is only two

or three ordersof magnitude larger than the four-dimensionalPlandk length.

Space-timeis now descriked by two (3+1)-dimensional branesenbeddedin (4+1) dimen-
sions.Sincethe fth dimensionis takento be nite, boundary conditions must be speci ed.
Let thereforethe Tth dimensionbe periodic with (x; A) and (x; j A) identi ed. On the 3-
braneswe let (3+1)-dimensional eld theoriesreside,and they coupleto the bulk metric
accordingto:

ge°(x) = Gun (X A= ¥); gi(x) = Gun (X, A= 0): (4.9)
The classicalaction describingthis setupis given by [7]
Z Z Ya .
_ 4 P =i 3 ®
Sgravny = d*x dA G jo+ 2M°R (410)
i Ya
£ P——
Sispe = d*x i Quisivie (L visivie 1 Vuisiote ) (4.11)
z P ——
Shidden = d4x | ghidden (L hidden | Vhidden )1 (412)

whereG = detGyy; M is the ve-dimensionalPlanck scaleand & the cosmologicalcon-
stant. Note that R in equation (4.10) is the Ricci scalarand not somecompacti cation
radius.

It can be shavn that (4.8) is a solution to the "v e-dimensionalEinstein equationsgiven
the action integrals above [7], and due to the identi cation of (x; A) with (x; i A), we need
only considerO - A - % The metric canthen be put in its nal form:

ds? = & el dx" dx’ | r2dA% (4.13)
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In one sensethe RS scenariosolvesthe hierarchy problem in a more beautiful way than
the ADD scenario;the ADD scenarioremoves the gap between the gravitational scale
and the electroveak scale,but in doing so a new hierarchy is introduced|b etweenthe
electraveak scaleand the compacti cation scale.ln the RS scenariono such new hierarchy
is introduced.

4.2.1 Kaluza-Klein states in the RS scenario

In the ADD scenariowe found an equidistart spectrum of Kaluza-Klein states,with suc a
small spacingthat it almostresenlesa cortinuum. Also in the RS scenariowe nd Kaluza-
Klein excitations, but the spectrum is very di®eren. First of all, dueto the extra dimension
being strongly curved, the spectrum is no longer equidistart, and the separationsbetween
the excitation levels are large enoughfor them to be obsened as individual resonances.
The massesf the excitations are given by [9]

My = kxpe k%= X0 (4.14)
X1
where x,, are the roots* of the Besselfunction of order 1. Secondly whereasthe ADD
scenariowill havelight graviton excitations, typical valuesof the parametersin this scenario
give a massof order a TeV for the rst graviton excitation. This excitation scaleis large
enoughto not have the scenarioconstrainedby astrophysical obsenation, but should still
be within read of discovery in the next generationof collider experimerts.

As shown in [9], expandingthe graviton eld into Kaluza-Klein statesthe Lagrangianis
found to be
1 é(rc1/4x'

L = —T° (x)hQ(x) i T° (x)h{M(x): (4.15)
M P P n=1
whereh" is given by the expansionof the metric:
!
R AM (A
Qo = & KA ¢ —s hﬁé’)(x)—# : (4.16)
p n=0 ¢

. —i 1l . . .
Thus, only the masslesszeromode is suppresseddy M-, while all massi\e Kaluza-Klein

statesare only suppressedy €=M ‘pl which is of order the weak scaleif we take kr . to be
about 11 or 12. Sincewe have a spectrum of individual resonancesn the RS scenario,we
needto know not only the position of ead peak, but alsotheir widths. As usualthe width
is given as a sum of all partial widths which themseles are determined by the relevant
deca channels.A massie Kaluza-Klein graviton can decg to masslesgravitons, lighter
Kaluza-Klein states or a pair of Standard Model particles. The Standard Model deca
modesare, if kinematically allowed, °°, f f, W*Wi , Z°Z% and HH.

4 The “rst roots are 3.83,7.02,10.17and 13.32.
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As will be shavn in Section 4.6, only spin-2 Kaluza-Klein states cortribute in collision
processesf we assumeall particlesin the initial and nal statesto be masslessSincethis
assumptionwill be madein the calculationsin this thesis, we will here only considerthe
decgy widths of spin-2 Kaluza-Klein states.

The decy widths are [10]:

i(F1 °°) = ngzu%ﬂz (4.17)
(N1 g9 = ngf/jumipﬂz (4.18)
(R Ww) = ngnvzu%ﬂz(li 4rW)1=2ui_2+ grwr%&vﬂ (4.19)
(M zZ) = Xéé“y:“mipﬂz(li 4rz)l:2ui—2+ %rﬁ%rgﬂ (4.20)
(M ) = 3:22/:;1%112(“ 4rq)3:2u1+ grqﬂ (4.21)
(MY = Xlirgzumipﬂz(li 4r~)3=2u1+ gr\ﬂ (4.22)
(! HH) = %H%ﬂz(h 4r ) (4.23)

wherer; = (m;=m,)?2.

If we assumethe Kaluza-Klein excitationsto be heary enoughto neglectmasse®ectsthe

total width can be written q
o H k 2
_ G 2
= —Xm, — 4.24
'"T 104" M, (4.24)
with
OG:0 +°g+oW+°Z+0q+o+°H,
and
L— 1 - 1 ) — 13 o - 13
8 g w 8 Z 96
°© = 9 o -3 o - 1
a9~ 716 ~— 16 H T 28

Here we have taken the number of accessibldepton and quark °avoursto be 6.

In calculating the width of the Kaluza-Klein excitations, we have neglectedthe possibility
of decay to lower Kaluza-Klein states. Due to the massesof the excitations, the third
excitation is the lightest state which can decg this way.
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4.3 Other scenarios

For completenessve will herebrie®y mertion other scenarioswith large extra dimensions.
Following the proposalof the ADD and RS scenariosa seriesof other scenarioswith large
extra dimensionswere proposed. These scenarioscan be organisedinto two categories
depending on whether the geometryof the spaceis factorisable,like in the ADD scenario,
or non-factorisablelike in the RS scenario.

A further classi cation canbe doneon the basisof which “elds are ableto propagatein the
bulk. In the original ADD scenarioonly gravitons can propagatein the bulk, whereasall
Standard Model elds are con ned to the brane. Taking the compacti cation scaleto be
of order TeV,> experimertal data do not rule out the possibility of Standard Model "elds
propagatingin the bulk. Theorieswhereall particles are allowed to propagatein the extra
dimensionsare often referredto astheorieswith universal extra dimensions[11]. In sud
scenariosKaluza-Klein towers of the Standard Model bosonswill cortribute to the cross
sectionin a manner similar to that of Kaluza-Klein gravitons.

Also the RS scenariocan be extendedto allow for Standard Model elds in the bulk since
the compacti cation radius is assumedto be small. Sucdh an extensionwill give rise to
Kaluza-Klein excitations of Standard Model particles as well as of gravitons.

Another versionof the RS scenariois obtained by assumingthat the Standard Model elds
live onthe braneat y = 0 while the other braneis taken o®to in nit y. This setup doesnot
provide a solution to the hierarchy problem, but canstill possiblygive rise to experimenrtal
signalsin sub-mm gravitational experimerts.

4.4 Exp erimen tal signals

Thesenovel extra-dimensionaltheoriesare not only interesting from the purely theoretical
reasonthat they may help solwe the hierarchy problem. They also have the interesting
feature that, in cortrast to the standard extra-dimensional scenarios,there is hope for
experimertal veri cation in the near future.

There are se\eral ways in which e®ectsof extra dimensionscan manifest themsehes. A
traditional approad to probe gravity on short distancesis by torsion pendulums.If we are
ableto do sud an experimert on distancessmallerthan the compacti cation radius of the
extra dimensions,we would expect to seethat gravity no longer shows a 1=r? force law
behaviour, but rather 1=r?**. Experimerts so far have shavn no deviation from the 1=r?
force law. The current upper limit on the extra dimensionsfrom theseseartiesis 218m

[12). Due to the problem of avoiding interferencefrom electromagneticforcesat sud short

5 Note that this compacti cation scaleis still very much smaller than the Planck scale.
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distances, there is not much hope to probe signi cantly smaller distancesthrough this
approad, sowe will probably have to rely on someother signals.

Probably the best approad in searding for extra dimensionsis through collider experi-
merts. Possiblesignalsare lossof energydue to particles which escag into the bulk, and
modi ed crosssectionsdue to new channelsthrough which interactions can take place.
Here we will consideronly scenarioswhere gravitons can propagatein the bulk, but ef-
fects similar to most of those discussedcan also be seenin scenarioswith more particles
propagatingin the bulk.

The modi cation of crosssectionscan be divided into two classes|enhancedtotal cross
sectionsand altered angular distributions. Of coursethesetwo e®ectscan, and in most
caseswill, both be presen, but oneor the other may be more favourableto look for.

Since gravitons couple to matter proportional to 1/W§,, their cortributions in collision
processesre vanishingin comparisonwith the other force carriers. But aswe have seenif
short distance gravity beharesaccordingto the ADD scenarioor the RS scenario,rather
than the simple extrapolation of macroscopicgravitation, there might after all be sizable
cortributions in microscopicprocessedrom gravity also. If the e®ectis large enoughwe
should detect an enhancemen of the total crosssection.

Even if we are not able to detect an enhancemen of the total crosssection, there may
be a detectable changein the angular distribution. The Standard Model interactions are
mediated by vector particles, i.e. spin-1 particles, whereasthe graviton is a spin-2 parti-
cle and will therefore produce a di®erern angular distribution. Detection of this modi ed
angular distribution hasthe additional advantage of being peculiar to exdhangeof a spin
two particlelnew resonancesan be produced by for instance supersymmetric particles,
but the e®ectson the angular distribution of a spin-2 particle cannot easily be mimicked
by other e®ects.

4.5 Present constrain ts

The constrairnts on the sizeof the extra dimensionsare naturally strongly model dependeri.
If we focus solely on the scenarioswhere gravity is the only eld propagatingin the full-
dimensionalspace,the constrairts are in generalnot very strict.

The strongestconstrairts on the sizeof the extra dimensionsare for most scenariosgiven
by astrophysical and cosmologicalbbsenations. This doesin particular apply to the ADD
scenariowith only a few extra dimensions.If the number of dimensionsis higher, the
lightest Kaluza-Klein excitation will be heavier and consequetly the boundswealer. The
absencef light Kaluza-Klein excitationsin the RS scenarioensureghat mostastrophysical
and cosmologicalconstrairts do not apply to this scenario.
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Also electronveak precisionmeasuremets provide someboundson the sizeof possibleextra
dimensions.Seartesfor extra dimensionsusing LEP data have provided bounds on the
full-dimensional Planck scaleto be larger than about 1 TeV [13].

4.6 Feynman rules

To be able to do calculations of Kaluza-Klein e®ectswithin perturbation theory we will
needFeynmanrulesfor the Kaluza-Klein gravitons. The presertation givenherewill follow
the onegivenin [14]. Note that this presertation assumeghe ADD scenario,but most of
the resultswe obtain will alsobe true in the RS scenario.In particular, the structure of all
verticesare the same,but the e®ectie coupling constarts di®er sincethe expansionsinto
Kaluza-Klein modesare di®erertt in the two scenarios Also the way we do the summation
over the Kaluza-Klein modesdi®ersfor the samereason.

We will start out from the D = 4+ + dimensionalEinstein equationsgiven by [14]

RvnN i %gMNR:iﬁTMN M;N =0;1;:::;Dj 1 (4.25)

M D

The presenceof the brane on which we live should be expectedto give riseto a non-trivial

badkground metric. Assumingthat the branetensionis not too large (not exceedingM 3),

the metric should be closeto °at, and a linearisation of the Einstein equations(4.25) will

make senseWe do this by usingan expansionof the metric gy n about its Minkowski value
M N »

OuN = wmN Tt 2M[i>li izthN; (4.26)
in (4.25), and only keepterms of the rst order in h. This producesthe equation [14]

2hun i @Gy @hg i @@hRM+@l@hSi ,MNZhS'l',MN@@hRS: i MéliizzTMNi

We then compactify the extra dimensionsby requiring that the elds are periodic under
the translation

yil yy+2YR =101
whereR is the compacti cation radius. Note that this condition assumeghat all compact

dimensionshave acommoncompacti cation radius. The periodicity in the extra dimensions
allows usto expandh in an in"nite sum of Kaluza-Klein modesh(®™(x)

Xt XA () iy
hun (2) = D —“ﬂ)"‘v—e'” vi=R. (4.27)
ni=il n.=il *
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Assumingthat all elds exceptthe graviton eld are con ned to the braneat y = 0, the
energy-mometum tensorin equation (4.25) reducesto

Tun = m N ToHy) Lo=0::::3 (4.28)

The scattering amplitude for the s-dhannelin a graviton-mediated processis

2 X pr® 1 TLTS.
M = ;2 Two ﬁT@)— + I - 2 — (429)
My . Si mg+i 3+ 2)si mS+i
wherethe four-index tensor in the graviton propagatoris given by
_ 1 _ _ _
P10® = _,1®,0 +,1 ,0®_ /10r®
2( i )
i 12(' PRk + 7T KK+ KK®+ %Kk ) (4.30)
2mg
H Tu 1
+} oL izkl e, izk®k7
6 i mﬂ

We have hereintroducedthe model-dependert parameter» to take care of the di®erences
of the Kaluza-Klein expansionin the ADD scenarioand the RS scenario,respectively. In
the ADD scenariothis parameteris simply one,» = 1, implying that all gravitational
modesare strongly suppressedin the RS scenario» = €<* exceptfor n = 0 when» = 1.
For a proper choiceof kr. this factor canleave the gravitational modessuppresseanly by
a factor of the weak scaleorder.

The rst term in equation(4.29) represets spin-2excange,and the seconderm represets
spin-0. Note that the spin-0 cortribution only dependson the energy-mometum tensor
through its trace. This implies that for masslesarticles, whoseenergy-mometum tensor
has vanishing trace, there is only a spin-2 cortribution from the graviton excdange®

The coupling of QED, with masslesdermions, to quantum gravity is descriked by the
Lagrangian[14]

0 H 1 1
L = "jg iA°D,A; ZFme (4.31)
u 1 l
Do = & @i i€QA+ S(°™%i °*Neay @ew (4.32)

wheree,” are vierbein “elds. Greek indices refer to general coordinate transformations,
and Latin indicesto Lorentz transformations. From this Lagrangianthe energy-mometum

The Kaluza-Klein tower has, in addition to spin-0 and spin-2, also spin-1 cortributions, but these always
decouplefrom the Standard Model particles.
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tensor becomeq14]

T = %A(°1@+ s @)A | i—l(@Aoo + @A°.)A
(4.33)

1 ~ 1 N
+§eQA(°1Ao + c’0A1)/A\‘|' Fla F:o + Z,lo F’/ZF)1/2:

Note that the energy-mometum tensoraboveis traceless.Therefore,asalready mentioned,
there will be no scalarcortribution to the graviton exchange,only the spin-2 cortribution.
If weintroducefermion massesthe energy-mometum tensorwill nolongerbetracelessand
we will have both scalarand spin-2 cortributions. Using this, the interaction Lagrangian
can be written

L = = GMT" (4.34)
Mp

where G is the Kaluza-Klein graviton “eld with massm?2 = R2=R2,

From equations(4.34) and (4.33) we read o®the Feynman rules. The Feynmanrules we
will needare givenin gure 4.1. The following abbreviations are used

WL = (pr+ pa): ® (4.35)
. 1, ) ]

WlE’ z@_ = é 10 (kl_ k2® i k1 ([k2 ®_) + ®_k11 kzo (436)

+ e (it o= i Kiko) | "o Kiokoe (4.37)

Xowg = “iog (4.38)

The momerta used,are thosein the direction indicated by the arrows.

4.7 Summation over Kaluza-Klein modes

In addition to the Feynmanrules, we alsoneedto know how to sum over the Kaluza-Klein
modes. In a scattering processwhere a virtual graviton is excdanged, the amplitude is
given by equation (4.29). The part which we will sum over can be factored out:

. 10 @ +i 1 1 ob
M = S(S) To P ® T®*+ I :

- T 4.
3@+ 2) (4.39)
where
S(s) = * X . (4.40)
MR, SimpEi |
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Figure 4.1: Feynman rules for QED coupledto quantum gravity.
Note that the secondfactor in equation (4.39) can be rewritten”’

T Ts; (4.41)

10 @ B il 1 10 _ 0 1
Tw P Te + 73(i+ 2)T1 To =TT j T+ 2

which demonstratesthat it is independen of the Kaluza-Klein index n. This allows us
to do the sum over n without further speci cation of which processwe are studying.
Howewer, sincethe Kaluza-Klein spectrum di®erssigni cantly in the di®eren scenarios,
the summation must be done separatelyfor ead scenario.

7 Usingthe denition of P* ® andk. T = 0which is equivalert to the energy-mometum having vanishing
divergence.
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4.7.1 ADD

In the ADD scenarioall modes are suppressedby the factor Vipz, thus equation (4.40)
simply becomes
— 1 X 1 .
Mo Si mg+i

(4.42)

Becauseof the large compacti cation radius, the separationsof the modesare very small
as can be seenfrom equation (4.7). Indeed, the gaps betweenthe individual resonances
are so small that we should expect the spectrum to appear almost as a cortinuum. This
suggestghat the sum can successfullybe appraximated by an integral. The integral will
be logarithmically divergert for + = 2 and power divergen for £ > 2. To regulate these
divergencesan ultraviolet cuto® must be applied.

In the literature we nd three di®eren approadhesto this regularisation. We will here
discussthe three di®eren approades.In Chapter 6 we will comparethe results produced
using the di®eren approadesin calculating the processe* e’ | 1*1i°,

Han, Lykken, Zhang (HLZ)

Following Han, Lykken and Zhang [10] the sum (4.42) can be approximated with the
integral®

z
1 X 1 . Rt 2yF2 T Ms mtilgm
o i mg+i MPI(——) o Si M+l

The ultraviolet cuto®scaleMs is de ned by

Py
I+

8% i( %)
Mo ME? 2y

(4.44)

The integral in (4.43) can be evaluated to give

Z Ms  m* ldm
O s
- 1Z Ms='s y*i ldy
0 1j y2+i"0
= jg¥al i1_2/4i PVZ Ms=p§>f;. 132/#
0 I

Note that in [10] the compacti cation radius is de ned such that the volume of the extra dimensions
is given by V. = R* whereaswith our de nition of the compacti cation radius the volume is given by
. = (2¥R)*. We will usethe latter convertion throughout.
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We now needto considereven and odd valuesof + separately If +is even(x, 2) we nd

2 3
e oM oy REmsPs
I(s) = is™%t4 - PV + yHi 15
2 0 Liy> ., o
2 3
. 9} 1 2i 1 M 1TZk
- Ya 1 M2 1 M
- +-2'14|—24+§|n il oo Pt 5 (4.45)
k=1
If +isodd (x, 3)we nd
2 3
_ Z . P w)=2Z P
1=2; 14 V7 Ms=s d EXDZE s 2kj 25
I(s) = js™ EiPV AR y™!
0 iy k=1 0
2 3

. iva 1 Mg +
_ =214 4 S S 5.
= S In —p— + = . (4.46
: 2! 2 Msij s o1 ki1 19_s ( )
Combining all this we nd
8 ! , ., #
% qygt=2i 1 ’ M2 i 1 i 2
| B~ Watn S5 1 + s +ewen,+, 2
S 1] k=
S(s) = 3 . - s - H (4.47)
E . 4yEtTRi L g, | Ms+p§ (= s i 1 + odd. +
~ o M7 Yai In Wp_g + - 71 5 odd, =, 3
Note that if Ms A 5, S(s) simplies to
8 3
2
R Hp M 4=
SIORNN s (4.48)
. 8% 1
T iwrga +> 2

Note alsothat the gravitational parameterused,M s, is not the fundamertal, full-dimensional
Planck scaleMp, but a scalewhich supposedlyis of the sameorder.

Giudice, Rattazzi and Wells (GRW)

Also Giudice, Rattazzi and Wells [14] approximate the sum (4.42) with an integral, but
the integral is handled di®erenly from what Han, Lykken and Zhang did, and also the

parametersusedare di®erer.
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As shown in [14] S(s) can be written as’

8 #
=2 1 1=2 ° ) i 1 s % 2k
E i Sy ating 4+ G P tewen,+, 2
MD l( Z) k=1 S >
S(s) = " i 4.49
X E £=2i 1 yE=2 . (#HP)=2 ° £ 2k ( )
| S 1Yat C F= +odd, +, 3
* MD l( f) k=1 S »

where? isthe subtraction mass,z is an ultraviolet cuto®,presumablyof the orderMp, and
C« are coexcients which depend on the full quantum theory of gravity, and will therefore
be taken as unknown. The gravitational parameterusedhere, Mp, is the D-dimensional
Planck scalede ned by
(A 2.
A Mp:
Assumingthat S(s) is dominated by the term proportional to c;, (4.49) reducesto

M2 = (4.50)

VI LE: &y,
i 452 (4.51)

Q=% i777 =
(9 mg7 e

S(s) ' i

Note that by introduction of the parameter @ all dependenceon the number of extra
dimensbonsis neglected.Obsene also that the neglectedimaginary part of (4.49) has a
factor (' s=Mp)* 2 relative to the part we kept. Thus the neglectedpart will get more and
more important when goingto higher energies.

Hewett

Hewett [15] doesessetially the sameapproximations as Giudice, Rattazzi and Wells [14].
The main di®erenceis that shenewer preseits an expressioncorrespnding to (4.49), but
only statesthat S(s) can be given on the form

8

S(s) =i —; 4.52
=1 (4.52)
which correspndsto equation(4.51) in the GRW approad. Here, is a parameterof order
unity. The possibleweak dependenceof , on the number of extra dimensionsis neglected.

When doing calculations, is cornvertionally takento be either +1 or j 1.

Comparisonof the approades

We rst note that in the appraximation P s¢ M (whereM is the parameterusedin the
particular approad), only Han, Lykken and Zhang keepthe dependenceon the number

9 Note that in the case+ = 2 there is no cortribution from the sum.
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of extra dimension. This dependenceis rather weak, howewer, sothe di®eren approades
arein fairly good agreemet with ead other in this low-energyapproximation. Comparing
the gravitational parametersusedwe nd
r_

2
M(Hewett) = % Zo:(GRW)

YVa

=41

(4.53)
r __

2

s

= §4M s(HLZ)=
=4

Note that the formulation of Giudice, Rattazzi and Wells and the one of Hewett are equiv-

alert if we choosethe parameter, = 1 in Hewett's approat.'® SinceHan, Lykken and

Zhang presenes the dependenceon the number of extra dimensions,it is only for the

special caset = 4 that this formulation ccncidesexactly with the other two.

If wewant to study the crosssectionwhen P s is not very small comparedto M, we should
usethe full expressionfor S(s) asgiven by (4.47) or (4.49), respectively. Comparing these
bwo expressionswve notice that the HLZ approad (4.47) has a logarithmic divergenceat

s = Mg, while there is no sudh divergencein the GRW approad (4.49). The divergence
is a signalthat the theory breaksdown when goingto energiescomparableto the gravita-
tional massscale This breakdown is expectedthough, sincethe theory only was made as
a low energy e®ectie theory. In (4.49) the divergencds avoided by introduction of the co-
ezxcients ¢, which are determinedby the full quantum gravitational theory. Unfortunately,
the presenceof these unknown coezxcients preverts us from using the full expressionfor
S(s).

4.7.2 RS

In the RS scenariothe massspectrum consistsof a number of individual resonancesith
massesgiven by equation (4.14). As we noted in Section 4.2.1, the masslesszero mode
is suppressedby Wipl while the massive modes are only suppressedy e'“cl/“ﬁ,ial. Thus
neglectingthe strongly suppressedzeromode and letting the sum (4.40) only run over the
massi\e modes, the factor » becomes> = €"<* We will takekr.' 12sincethis is the value
which brings the gravitational scaledown to the weak scale,and thus provides a solution
to the hierarchy problem.

The kinematical factor S is then given by

e2krc1/4X 1
S(s) = —
M

P n

- 4.54
Si m2+impjn ( )

10Remenber that according to equation (4.53) there is a factor (2=%)'"* betweenthe massscalesused by
Hewett and by Giudice, Rattazzi and Wells. To achieve agreemem, the samemassscalemust be usedas
parameter in both approades.
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with j , given by equation (4.24). The sum should run over all n for which m, is within
the accessibleenergy We have herereplacedn by n sincein the RS scenariono more than
one extra dimensionis considered.

Note that it is essehial that the summation over the Kaluza-Klein statesis done on the
amplitude level sothat when squaringthe sum, alsothe interferenceterms will be presen.



Chapter 5

Graviton Induced Bremsstrahlung

We are now readyto calculate crosssectionsfor processe#volving the excdhangeof virtual
gravitons. The processwe will study is

ege | 1*1ic:

We will assumeunpolarisedelectronand positron beams,and both beamswill be takento
have the sameenergy The crosssectionwill only be calculatedfor unpolarised nal states,
meaningthat we are summingover all polarisationsof the nal state particles.

This processis an exampleof a processwhere gravitational e®ectsmay be seenin future
e e colliders like TESLA [16 or CLIC [17]. Of coursethe crosssection will be much
smaller than that of the corresppnding processwithout the bremsstrahlungphoton, since
the extra vertex introducesan O(®) factor.! Thereforethis processwill not be the primary
way to detect extra dimensions,but it may yield an extra con rmation.

A similar process has been investigated for proton-proton collisions at the LHC,
pp! e'e ° + X, wheregraviton exchangeis considered1§].

5.1 Feynman amplitudes

Neglectinginitial-state radiation, there are eight tree-level Feynmandiagramscortributing
to the processe*e | 1*1i° The diagramsareshovnin gure 5.1.Diagrams(a) through
(d) are the Standard Model processesnvolving photon and Z° exchange. Diagrams (e)
through (h) are the new diagramswe get when we also considerthe exchangeof Kaluza-
Klein gravitons.

Using the Feynman rules listed in Appendix B, we can read o® the amplitude for eat

1 But on the other hand, also the background will be reduced.

53
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e (p1) e (p1)
Z0 A
e" (p2) (©) e (p2) (d)
e (p1) L (pd) e (p1) i (pd)

(e)

e (p1) ° (K9 e (p1) 1i ()

() L (p9) (h) ()

Figure 5.1: Feynman diagrams for the processe* el ! 1*1i ° where graviton
exdhangeis considered.The momerta assaiated to all external lines are taken
to bein the direction in which the particle moves.
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We have here assumedall fermionsto be masslessand we have used (p§ + k92 = 2(pfk9
and (p3+ k92 = 2(p3k9 which is true for masslesparticles carrying momerta p?, p3 and k°
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The direction of the momena usedis takento be in the direction of the physical particles
motion.

5.2 Spin sums

In Chapter 2 we describedthe method for calculating crosssectionsbasedon a perturbation
expansion.The crosssectionis given by equation (2.19):

X X 1Y dp

— 44(4 . iMi 2-
rel f

whereM is the Feynman amplitude calculated accordingto the rules given in Appendix
B.

We will assumeunpolarisedbeamsand we will only calculatethe unpolarisedcrosssection.
It will thereforebe necessaryo averageover the beampolarisationsand sumover the nal
state polarisations. The averagingand summing is done by the replacemen

1X X X
4

etei 1t1]
spin  spin  pol:

iMj 21 X~ iMj % (5.2)

The spin sum can be divided into a sum over spin sumscourting cortributions from the
di®eren diagramsand their interferences,

X= Xu = Nlaﬂw é): (SJQ
i i5j
Here M ; is the Feynmanamplitude correspnding to diagram number i.

Summing over photon polarisation, we nd

1 X X

X = 2 M M ¥(i g”**+ terms vanishingby current consenation):

etei 1t
spin  spin

The summation over lepton spinsis done using’
ur (p) & (p)
Vi (P)¥: (p)

I
©

(5.4)

|
©

2 Theseare the relations for masslesdermions, and with normalisation given by uus = 2E 4.
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5.3 Kinematics

We now have the di®erenial crosssectionon the form
1 d3 0 d3 0 d3k0
P X: (5.5)
4E 1 E,v,, (2Y)32E7 (2Y)32E2 (2v)32! ©
To integrate this we should choosea coordinate system. Sincewe are colliding electrons
and positron with equal energythe certre of masssystem ce®ncideswith the laboratory

system, and is therefore a natural choice. Integrating over d®k° using p, + p> = 0 and
Vrel = Jle(El + EZ):E]_EZ = 2, we _nd

d¥= (2¥*+D (P + p3 + K°i pri Pp2)

1 3..043..0v : .
2048/7E2EJEN A PP X Jiom po; ps

It is now conveniert to introducea new notation for the vectorsinvolved,
p. = E(1;P); p2= E(Li p);
P = x:E(L;p0); p3 = Xx.E(L;P9); K°= x3E(1;K9:

d¥%= HE2+ E+ 1% 2E)

(5.6)

The momerta of the outgoing particles must lie in a plane|the ewernt plane. We chooseto
work in a coordinate systemin which the evert plane céncideswith the x-z plane and the
momertum of the negative muon is along the positive z-axis. As polar angle, we take the
angle betweenthe incoming electron beam and the direction of the negative muon. The
correspnding azimuthal angleis the rotation about the positive z-axis with the x-axis as
reference.

s Z v Z

x1Ep9 4
Ep !

x1E 9 4

: i X2E p3

Figure 5.2: De nition of angles.

The anglesbetweenthe outgoing particles are completely determined when we have spec-
i ed how the energyis shared. The angles® and de ned in gure 5.2 are connected
through

X3SiNn®= j X,sin (5.7)
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and the angle is xed by the relations

X3= X7+ X5+ 2X1X2C0S ; X1+ Xp+ Xz = 2 (5.8)

In addition to the anglesde ned above, there is alsoa secondazimuthal angle,A. This angle
descrikes the rotation about the beam axis. Sincethe setup has a cylindrical symmetry
about the beam, there is no dependenceon A. Thus the integration over this angle will
only give a factor 2¥4

Using thesede nitions the di®erertial crosssectioncan be rewritten as

X1X2

d¥%= (2 X1i X2 X3)m’/§x3

dx,d' d(cosp)dx,dAd(cos )X Jo-P

+X3+2X1X2 cOS~

When integrating over d  we must include the Jacobianfrom the delta function,

1

51

:@CI g1

_ X1Xo :l X3
— X2+ X3+ 2X1X,C0S — = - = —
@cos ) ' 77 o T X2+ X3+ 2X1X,COS X1X2
Thus, integrating over dAd ™, we nd
d¥a= X dxidx,d' d(cosp): (5.9)

1024/

The remainingintegration cannot be donewithout knowledgeof the exactform of the spin
sum X, dueto its dependenceon X1, X, ' and cosj.

5.4 Di®erential cross section

We rst discussthe crosssectiondi®erertial with respectto x; and x5,

an M oy Moy T
= + ; (5.10)
XmdX2 XmdXZ SM XmdX2 ED
where
. 1 Y,
ll dz% ﬂ _ @ " 29\2/ 3 2 s 4
dx:dx2 g 3s SiP2wy S| M2 +imgzj; _y
2 4+ 2)2 2
fOPO) S T 5 (511
Sin"2uy  Si Mz +imzjz
VRPN | 3 E 2 X Zz
(o RE7 ®s° » 1 —
: = — —(Q1+ Q2); (5.12)

dxidx, gp 2560/% M5 Si m2+imgjn
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with Q1 ~ Qu(X1;X2) and Qo ~ Qa(X1; X») givenin appendix D.

An interesting obsenation is that the crosssectiondoesnot have any cortributions from
the interferenceof the Standard Model cortributions and the extra-dimensional cortri-
butions. Sincethe purely extra-dimensionalterms are more strongly suppressedhan the
interferenceterms, this cancellationmay imply that the e®ectof graviton exdangeis too
small to be seenin the total crosssection, while the angular distribution may still be
changedto sud a degreethat it is obsenable.

We seefrom the form of Q; that the Standard Model crosssectiondivergeswhen x; !
1 and/or x, ! 1. The casewhere both x; and x, are closeto 1 is when the photon
emitted carriesalmost no momertum. To remove this divergencewe needto include also
the correspnding diagram where no photon is emitted. The other case,when x; or X, is
closeto 1 while the other is not, is when the photon is collinear with one of the muons.
This divergenceis causedby the fact that we approximated the muonsto be massless.

The extra-dimensionalcrosssection has the samedivergencesasin the Standard Model,

but in addition there is a divergencewhenxs ! 1. This divergencecan be traced bad to

diagram (g) in "gure 5.1. The physical interpretation of x3 ! 0 is that the two muonsare

collinear or one of the muons carries almost no momertum. In both casesmuon masses
must be takeninto the calculation to avoid the divergence.

5.5 Angular distribution

We would also like to study the angular dependenceof the crosssection. In accordance
with the choiceof coordinate system,we will study the angular distribution of the negative
muon with respectto the incomingelectron.Also herewe will study the crosssectionbefore
integrating over x; and x,. The angular distribution is then given by

H d33, T _
d(cosp)dx,d x,
L gy, T W gy,

+ + (5.13)
d(cosp)dx.1dxz gm d(cosp)dx1dxz jnt d(cospdx,dx, gp
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where
H % 1 i
d(cospwdxidx, gy
"A 1 3, - -
A ’ s 4+ (9 + GR)° — s 2 4
4s Sirf(2uw)  Si M2 +imgzjz sin*Quy) Si M2+ imzj; !
Y; % - 5 F
208 _ s P 1 s ~ A
SifRuy)  Si M2+imziz ° sinffCuw) S| M2 +imziz o °
H % 1 i
d(cosp)dx.dxz int
(A ! 1 3 )
®’s » X 1 H " 1 2 S /4A T

< . + — < - A
32, Wﬁ Si M3+ imgj, A sz(ZMN) Si m§+|m2iz °

u

NG

A @3 — w2 X 1
2

d(cosp)dxidx, gp ~ 20967% M Si mZ+imyj, A

The functions A;, which depend on x1, x> and cosy, are listed in appendix D.

In addition to the divergencesliscussedn last section,the crosssectionnow alsodiverges
whenx,; ! 0 which can be seenfrom the form of the functions A;. This divergencewhich

appearsboth in the Standard Model and in the extra-dimensionalcortributions, is di®erer

from the others, though. Speci cally, this is an artifact of the coordinate systemwe have
chosen|since the z-axis is de ned by the direction of the negative muon, the coordinate

systembecomesdll-de ned whenx; ! O.

The Standard Model cortributions depend on the angle i through cosu and co |, which
is characteristic of a spin-1 mediatedscattering. But sincewe have a three-body nal state
we do not simply have a (1 + cog ) angular distribution asis known from two-body nal

state processesHowe\er, all Standard Model terms not proportional to (1+ cos ) vanish
when we integrate over COS|L

The interferenceterms and the pure extra-dimensionalterms depend on cosp up to the
power three and four, respectively. This is characteristic for the exchangeof a spin-2 par-
ticle. Using this new angular dependencethere may be hope to detect Kaluza-Klein con-
tributions which are too small to be obsened in the total crosssection.



Chapter 6

Numerical Results

We will here usethe crosssectionscalculated in the last chapter to produce numerical
results for the processe*e ! 1*1i° |n orderto do so,we will now integrate out the
dependenceon x; and x,, but becauseof the divergencesdiscussedin the last chapter,
this is not straightforward. The solution we chooseis to imposecuts, so that we do not
integrate over all allowed x; and x,. Welet 0:1 - X;;X, - 0:9and 1.1 - x; + X, - 1.8.
The latter is equivalert to 0:2 - x3 - 0:9. Remenber that X4, X,, and X3 is the fraction
of the certre of massenergy carried by the negative muon, the positive muon and the
photon, respectively. Thus imposing cuts on the valuesof theseamourts to selectingonly
the everts whereall nal-state particles are within the correspnding momentum limits.

Sincethe characteristic massscalefor gravity is an unknown parameter,we do not know a
priori which value should be chosen.Indeed,when experimertal data is obtained at higher
energy ts to thesedata will hopefully give usthe appropriate value, or at least put bounds
on it. Until then, the best we can do is to choosevaluesfor the gravitational parameters
which give obsenable e®ectswithin the scope of next generationof colliders, and extract
the characteristics of the e®ectswhich would be seen.In the ADD scenariowe take the
cut-o®scale,Ms, to be the parameterwe use.In the RS scenariowe choosethe massof
the rst Kaluza-Klein excitation and the ratio k=M p.

6.1 ADD results

We heregive numerical resultsin the ADD scenario.We will produceplots within both the
HLZ approad and the Hewett approat® to comparethem. Sincethere are no Standard
ModeHl{gravity interferencetermsin the total crosssectionit is sutcient to chooseonesign
of Hewett's , here.But when studying the angular distribution, both , = +1 and, = 1
must be considered.

1 Sincethe GRW approad is equivalert to the Hewett approach with , = +1 this approad is alsoincluded.
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Figure 6.1shavsthe total crosssectionfor the process™e | 1*1i° inthe ADD scenario
with the gravitational scalé Mg = 1:5 TeV. The three upper lines are the crosssections
for (from above) 2, 3 and 4 extra dimensionsusing the approad of Han, Lykken and
Zhang. The lower soli&i line is the crosssection using Hewett's approah. We have here
used Ms(Hewett) = * 2=¥Mg(HLZ) in accordcheWith equation (4.53). As expected,
this line starts out closeto the + = 4 line, but as™ s grows, the imaginary part of (4.47)
becomesever more important, and the two lines separate.

10 e'e"® mmg

s(\s) [pb]

10° &=
10° &=
lO-4 Y 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1
200 400 600 800 1000 1200 1400
\5 [GeV]
Figure 6.1: Crosssectionfor eel | 1*1i° asa function of P s in the ADD

scenariowith Mg = 1:5 TeV. The three upper lines represent HLZ summation
with, from above, + = 2;3;4. The lower solid line is Hewett summation (no
dependenceon ). The Standard Model crosssectionis showvn by a dashedline.

ghe divergencewhich can be seenin the crosssectionsusing the HLZ approad when
s = O(Ms) is dueto the logarithmic parts in (4.47). As we commerted in Section4.7.1,
this divergencesignalsa breakdavn of the theory.

In gure 6.2 we comparethe angular distribution of the negative muon with di®eren
number of extra dimensions.The summation of the Kaluza-Klein modes is done using
the HLZ approad only, sincethat is the only approad sensitive to the number of extra

2 Note that this is Ms(HLZ).
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dimensions.For referencethe Standard Model crosssectionis shovn by a dashedline. As
expected,we nd that the deviation from the Standard Model distribution is largestwhen
we have only 2 extra dimensions,and is decreasingwhen the number of extra dimensions
is increased.
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Figure 6.2: Angular distribution of the nsgatlve muon with respect to the el

beamin the processe*el | 1*1i° s = 350 GeV in the ADD scenario
with Mg = 1:5 TeV. The crosssectlonsshONn are using the HLZ summation
with = 2; 3;4;5. The Standard Model distribution is shovn by a dashedline.

In gure 6.3 we comparethe angular distribution of the crosssectionsusing the Hewett
approat wa = 81 and the HLZ approat with + = 4. Mg is setto 1.5 TeV. As
expected, at = s = 350 GeV, an energy which, as can be seenfrom gure 6.1, is small
enoughto only give very small deviations from the Standard Model cross section, the
results from Hewett using, = _+1 and HLZ using £ = 4 appear to be quite similar. But
whenincreasingthe energyto ~ s = 500GeV the di®erencebetweenthe two distributions
is considerablylarger.

Sincethe interferenceterms in the crosssectionare sensitive to the sign of S(s) we should
expectthe resultsfor, = +1 and, = j 1to bedi®eren, asindeedcanbe seenfrom gure
6.3.
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Figure 6.3: Angular distribution of the Begative muon with respect bo the e
beamin the processe*el ! 1*1i° gt s= 350GeV (upper) and = s = 500
GeV (lower) in the ADD scenariowith Mg = 1.5 TeV. The Standard Model
distribution is showvn by a dashedline.
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An important obsenation is that, independent of how we do the summation over the
Kaluza-Klein states, we get considerabledeviations from the Standard Model crosssec-
tion at much lower energieswhen studying angular distribution than for the total cross
section. As pointed out in Chapter 5 this is becausewe now have the interferenceterms
which are suppressedy only a factor WLA' as comparedwith a factor W,LB in the pure
extra-dimensionalterms. Since, in addition, the interferenceterms (and the pure extra-
dimensionalterms aswell) exhibit a di®erern angulardistribution than the Standard Model
crosssection,this may provide a good signal for extra dimensions.

6.2 RS results

The total crosssectionfor the processe* e’ | 1*1i° inthe RSscenariois shovnin gure
6.4. We have here speci ed the massof the rst Kaluza-Klein excitation to be 500 GeV,
and we study the crosssectionfor di®eren valuesof k=M p.

10

Ny

e'e”® mmg

s(\s) [pb]

10-4 S 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1
200 400 600 800 1000 1200 1400
\s [GeV]
Figure 6.4: Cross section for e*el | 1*1i° asa function of P s in the RS

scenario. The curves corresponds to, from above, k=M p = 0.01, 0.5, 0.1. The
Standard Model crosssection is showvn by a dashedline.

As expected,the Kaluza-Klein excitations can be seenasdistinct peaksin the crosssection
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at energiesgiven by (4.14). If the rst excitations are suzciently low to obsene at least
two peaks,their relative position will be an important indication for the RS scenariosince
we know that the splitting of the Kaluza-Klein modes are given by (4.14). However if
we seeonly one peak, we need more information to decidewhether it is a Kaluza-Klein
excitation or someother new resonanceHere the angular distribution may be very useful
sincedependenceon cospto the third and fourth power is speci ¢ to the exdhangeof spin-2
particles.

For small valuesof k=M p, the peaksare very narrow. This meansthat even when we are
consideringthe angular distribution, only a small o®setfrom the peak may leave us with
practically no signalsincethe crosssectionthen is totally dominatedby the Standard Model
cortribution. This is illustrated in 6.5, whereit can be seenthat for k=M p = 0:01 hardly
any deviation from the Standard Model can be obsened at 450 GeV. For k=M, = 0:5
and k=M p = 0:1 the peak at 500 GeV is broad enoughto give a signi cant deviation. If
we study the angular distribution exactly at a peak, we will of courseseelarge deviations
from the Standard Model crosssectionno matter how narrow the peakis.
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Figure 6.5: Angular distribution of the rSwegative muon with respect to the el
beamin the processe™el | 1*1i° at” s= 450GeV in the RS scenariowith
the massof the Tst excitation being 500 GeV, k=M p = 0:01; 0:05;0:1. The
Standard Model distribution is shown by the dashedcurve (very closeto the
curve for k=M p = 0:01).



Chapter 7

Concluding Remarks

In this thesiswe have studied the processe*e | 171i° whereexcangeof Kaluza-Klein
gravitons is considered.The crosssectiondependson the nature of the extra dimensions.
Therefore both the ADD and the RS scenariosare considered.In the ADD scenariothe
spacingbetweenthe individual Kaluza-Klein excitations of the graviton is sosmall that the
spectrum of excitations will be obsened asa cortinuum. In the RS scenariothe spectrum
of Kaluza-Klein excitations consistsof individual peaks.

Independen of which model we are considering,we have seenthat the interferencebetween
the Standard Model cortributions andthe Kaluza-Klein graviton cortributions vanishwhen
integrating out all angular dependence.Thereforethe angular distribution may provide a
signal of extra dimensionsat lower certre of massenergythan what is necessaryo obsene
an enhancemen of the total crosssection. Obsenation of changedangular distribution is
valuable also sincethe spin-2 nature of the graviton should give a distinct signal.

If extra dimensionsindeedexist, and provided that the gravitational parametersare sud
that there are low-energy e®ects their e®ectson the processe*e | 1*1i° should be
obsenable in the next generationof €" e colliders, giving an extra con rmation to the
results from the processe*e | 1*1i which, dueto its larger crosssectionis a better
candidateto be the discovery channel of extra dimensions.In the caseof ADD-type extra
dimensionswe needthe full dimensionalgravitational scaleto be suzciently low, i.e. not
much greaterthan the certre of massenergyin the experimert. If there is a newdimension
of the RS type, e®ectsfrom exdange of Kaluza-Klein gravitons should be obsenable
provided that at leastoneKaluza-Klein excitation hasmasslessthan the maximum certre
of massenergyof the experimert.
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App endix A

Notation and Units

Throughout this thesisfour-vector formalismis used,exceptfor those casesvherewe need
a generalisationto n-vectors.A cortravariant vector is denotedx” and a covariant vector
X:. Where there should be no ambiguities, sometimesthe notation x, i.e. without any
index, is used.

In °at space-timea corntravariant vector is transformed to a covariant one using the
Minkowski tensor " . Using the corvention that the metric has signaturef+;i ;i ;ig ,
the componerts of the Minkowski tensor are

When working with vectorsin curved space-time,the Minkowski tensor s replacedby the
metric tensor gw .

When going to higher-dimensionalspace,the metric tensor is generalisedso that the sig-

Einstein's summation corvention is used,that is, wheneer an index occurstwice in one
term, onceascovariant and onceascortravariant, there is an implicit summation over this
index: X
ab  ab:
1

Sincethis would causeambiguities, no index can occur more than twice in oneterm.

A.1 Indices

Lower-caseGreek letters will be usedto denote Lorentz indicesin four-dimensionalspace-
time, i.e. arerun over the values0; 1; 2; 3. When consideringonly the spacepart, lower-case
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letters from the middle of the Latin alphabet will be used,i.e.i;j;::: = 1;2;3. To denote
Lorentz indices in (4+ t)-dimensional space-time,capital Latin letters will be used,i.e.

Wherethe vierbein formalismis used,sothat it is necessaryo distinguish betweenindices
correspndingto Lorentz transformations and generaltransformations, respectively, lower-
caseletters from the beginning of the Latin alphabet, a;b;:::, will be usedfor Lorentz
indicesand the above mertioned convertions will be resened for the indicescorrespnding
to generaltransformations.

A.2 Units

For the most part, we use natural units. In this systemthe fundamenal dimensionsare
taken to be mass,action and velocity. The units for action and velocity are chosento be
h and c, respectively. Thusin natural units h = ¢= 1. Mass,or equivalently (sincec= 1),
energyis normally measuredin MeV or GeV. In natural units length and time have the
samedimension,namely inversemass.

Natural units are chosensincethey, asthe name indicates, are in somesensea natural
choice, at least that is soin the microscopicrealm which we are treating here. Howewer,
sometimest is usefulto give quartities in a morewidely usedsystemof units. In particular,
we often want to givethe nal result of our calculationin Sl units rather than natural units.
The transition from natural units to Sl units is easilydone; multiply with the powersof h
(energyE time) and c (length/time) neededto get the correct dimensionof the quartit y.



App endix B

Feynman Rules

We herelist the Feynmanruleswhich arerelevant for this thesis. The electraoveak Feynman
rules are taken from [2]. The rules for quantum gravity are taken from [14], and are also
treated in Section4.6in this thesis.

The momerta used,are thosein the direction indicated by the arrows.

M (M js determinedby drawing all Feynman diagramswhich

1. are topologically distinct
2. are connected
3. have n vertices, and correct external lines

Vertex factors

1. For ead vertex wherea photon couplesto two chargedleptons, there is a factor
e’ (B.1)
2. For eat vertex wherea Z°-bosoncouplesto two leptons, there is a factor
i ig°”

1
. o . — 2 . . -
2cosiy (Ovi Oa°s);  Ov = 2SN P i > G (B.2)

The weak coupling constart g is related to the electromagneticcoupling constart

through gsinpy = e.
3. For ead vertex wherea graviton couplesto two masslesseptons, there is a factor

i £ a
i W Wl(of) + qu) , Wl(of) = (pl + pZ)1 o (B3)
p
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4, For ead vertex wherea graviton couplesto two photons, there is a factor
: [
| o o
i j— Wl(o 2@* + We(l@))* (B'4)
Mp
1, . ,
W ® - é 10 (k1*k2® i kl £ k2 ®*) + ®*k11 kzo

+ (KL £ K o= i Kikae) i "+ Kiokoe

5. For ead vertex where a graviton couplesto a photon and two masslesdeptons,
there is a factor

i —eQ[Xw gt Xop]; Xwog= "0 B.5
LN QXw» e o] ® ® (B.5)
Propagators
1. iDgw (k) = 'kle for eadh internal photon line with momertum k.
2. iDrw (k;myz) = 'k“;:r:;'fifmg) for ead internal Z line with momertum k.
. z
3. iISE(p) = pz'i‘ﬁ;';’ji.. for ead internal fermion line with momertum p in the direction
of the arrow.
4. kz'lpmiz’ﬁjl where
Pio 19,= é( wy oyt 1y, o) 10 149)
- 1 4 4 4 4
: 2—2( l1/zk0k%'|' 03} 1k1/2+ 1%k0k1/2+ 01/J(1 k%) (86)
mﬁ
1 2 2
+ (T + k: Ko ,1234+ K.k
5 * ko k)t ki

for eadh internal Kaluza-Klein graviton line with momertum k and massms.

5. Factors from external lines

ur (p) for ead incoming electron

to(p9 for ead outgoing electron

Y, (p) for ead incoming positron

v;o(pY for eat outgoing positron

"1 (k) for eat incoming photon

"% (k) for eath outgoing photon

6. Spinor factors and ° -matrices are written from the left to the right when read o®
againstthe direction of the arrow.

2
2
2
2
2
2



App endix C

Gamma Matrices and Traces

We will here give a review of the gamma matrices in four space-timedimensions.Since
the calculationsin this thesisrely on four dimensional e®ectie theories rather then the
full-dimensionaltheory, a generalisationof the gammamatricesto more dimensionsis not
necessary

C.1 Gamma matrices

The gammamatrices are de ned by the anti-commutator relation

f°1;°0g, °1°o+°1oo:2,1o: (Cl)
A commonrepresemation is
1 |
o0 — H 1 0 oi — ! 0 ¥4 . (C 2)
0 1 S i % 0 '
wherelisa2£ 2 unit matrix:
H 1
1= 10 .
- 01
and %= (3%;3%;%3) is a vector whosecomponerts are the Pauli matrices:
M 1
3 = 01
10
H T
% = O
i 0
M 1
B = 1 0 .
0 i1
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A few useful properties of the gammamatrices:

0101 - 11 oly: oOoloO; oOy= 00:

We alsode ne a fth matrix, °s by

o 7 o5 _ ;000l1l0203.
5 =1 :

°5 hasthe following properties
(°s)’=1 °¥="°5 [s°]1=0
Someuseful idertities
0¥ ® - ; 20®

3 - s ®
o Yo ®o o%: 4 ®

0¥0®0 0°0 _— . 20°oio®.
Y= | .

C.2 Traces involving gamma matrices
For traces of two or four gammamatrices we have

Trie® g = 49

Trfo®o_o°oig — 4(r®_r°ii r®0,_i+/®i,_o):

The trace over an odd number of gammamatricesis zero:

Trie®e® . ::0® =0 n=2k+1 k=012:::

For traceswhere °5 is involved, we have:

Tl’f°5g: Trfo®059: Trfo®o_o5g: Trfo®o_oio5g: 0

Trfo®o_o°oio5g — 4i2®_°t:

(C.3)

(C.4)

(C.5)

(C.6)
(C.7)
(C.8)

(C.9)
(C.10)

(C.11)

(C.12)

(C.13)



App endix D

Abbreviations

We herelist the functions usedto expressthe crosssectionsin Chapter 5. The calculations

on x; and x,. A few placeswe have kept the variable x3 = 2 X; i X, to improve the
readability.

The fact that Q3 through Q3 is not symmetric under interchangeof x; and x; is due to
our choiceof coordinate system.If we had chosenthe outgoing photon to de ne the z-axis,
we would have had symmetry under interchangeof x; and x,.

Al = Qi1+ codp+ Qs(1i 3cogy) (D.1)
A, = Qucosp (D.2)
A; = Qscosu (D.3)
A, = Qgcospu+ Qycosp (D.4)
As = gf(Qscosp+ Qocosil) + giQio(1i 3cos | (D.5)
As = (Qi1+ Q)1 codp)i 3Q3(20cod i 15cogp+ 1) (D.6)
+Qq1(5cod i 3cogp)
(D.7)
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APPENDIX D. ABBREVIA TIONS

(x§ + x3)
(i x)@i x2)

X2 + X3
1i X3
21i X3
X
u 1
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2 2 2
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H
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i 2 X1X5 1X3i Xl(ll X2) I 3(ll X3)

xi

4x1x35(1j X3) N 2x3
(L x)@i x2) 1i X
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1 X1
16X% 20x» | 40 18x,
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TN A TR
H )
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X3

i X+ 100 XX i 25+ 120 16 i X+ xux3i 1

(1i X2)

1i X 1 x)@i x2)
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