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My Lord, your assertionis easily put to the test.
You say I have a Third Dimension,which you

call \height." Now, Dimensionimplies direction
and measurement. Do but measuremy \height," or

merely indicate to me the direction in which my
\height" extends,and I will becomeyour convert.

Edwin A. Abbott, Flatland (1884)
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Preface
We will ¯rst give a brief historical introduction which points out the motivation for intro-
ducing extra dimensions.Then the two fundamental theoriesfor descriptionof matter and
its interactions, the Standard Model and generalrelativit y will be presented in Chapters
2 and 3, respectively.

In Chapter 4 we start by a review of theories with extra dimensions.We will mainly
focuson the ADD scenarioand the RS scenario.After the introductions to the theoretical
frameworks, we review the Feynman rules necessaryto make calculations within these
scenarios.

In Chapters 5 and 6 we calculate the crosssection and the angular distribution for the
processe+ e¡ ! ¹ + ¹ ¡ ° wherewe include gravitational e®ects.

In Appendix A we give a short overview of the notational conventions and units that are
usedin this thesis.Appendix B lists the Feynmanrules necessaryfor calculating the cross
section. In Appendix C we give a brief review of gammamatrices and traceswhere these
matrices are involved.

vii



Chapter 1

Historical Background

The history of physics, and of most other sciencesas well, is to a large extent a history
of uni¯cation. To be able to systematiseobservations, it is necessaryto group the singular
phenomenainto classes.This organisation of phenomenaallows us to ¯nd the \la ws of
nature", and thus predict the outcomeof experiments.

Sofar, physicistshave madeconsiderableprogressin unifying both the constituents build-
ing up matter and their interactions, but somequestionsstill remain unanswered.One of
the most prominent questionsis how to describe gravit y and the other fundamental forces
in a uni¯ed framework.

1.1 Matter

When physicists becamecapable of probing matter at a truly microscopic level, it was
revealed that every kind of matter was made of a number of small, presumably non-
divisible particles. Thesewere identi¯ed with the particles that Democritus had envisaged
about 2000 years earlier, and therefore they becameknown as atoms. But as more and
more elements were identi¯ed, the question of whether the atoms really were the basic
building blocks was raised. One indication that there were somesmaller structures, was
the periodicity of chemical properties elements proved to have.

In 1897JosephJohn Thompsondiscoveredthe electronand thereby proved that atomsare
indeedcomposedof smaller constituents. A few years later Ernest Rutherford discovered
the proton, and in 1932 James Chadwick discovered the neutron. Now all matter was
described by only three fundamental particles, giving a simple and coherent picture.

Later on, this beautifully simple picture was seeminglydestroyed. Through observations
of cosmicrays, and later through acceleratorexperiments, several new particles were dis-
covered.The situation wassimilar to the identi¯cation of ever new elements, which earlier

1



2 CHAPTER 1. HISTORICAL BACKGROUND

had lead to doubt whether the atoms were elementary or not. The abundanceof parti-
clessuggestedthat they might after all not be fundamental, but rather composite states.
And, indeed,by introducing quarks, the properties and relationship betweenmany of the
particles could be explained.

Today matter is described by three generationsof particles, each generation containing
four particles; two leptons and two quarks.1 Normal matter consistsonly of particles of
the ¯rst generation,i.e. the up and the down quark, which build up protons and neutrons,
and the electron. The fourth member of the ¯rst generation is the electron neutrino, an
unchargedparticle with a minusculemasswhich interacts soweakly that it doesnot reveal
its presencein everyday life.

The other two generationshave a similar pattern to the ¯rst one; they each consist of
two quarks, a chargedlepton and an unchargedlepton (neutrino). The particle properties
repeat for each generation,except for the masseswhich increasewhen going to the second
and third generation.2 Particles from the secondand third generationsare unstable. The
quarksand the chargedlepton canonly exist for a small fraction of a secondbeforedecaying
into particles of a lighter generation.

Neutrinos were for a long time believed to be massless.If this had beentrue they would
have beenstable.But after observingthat they have a very small massit is con¯rmed that
they can transform into each other|they are said to oscillate.3

1.2 Forces

At the beginning of the 19th century the forcesconsideredto be fundamental were the
electric force, the magnetic force and gravitation. Thesethree forceswere all seento be
distinct, but in 1820HansChristian Ârsted, a Danish physicist, encountered the ¯rst hints
pointing toward a uni¯cation of electricity and magnetism.In the following yearsMichael
Faraday added important contributions to the understanding of the connectionbetween
thesetwo forces,and in 1864the Scottish physicist JamesClerk Maxwell completedthe
uni¯cation of electricity and magnetismwith his theory of electromagnetism.

An even more thorough treatment of electromagneticinteractions was provided by Quan-
tum Electrodynamics(QED). Classicallyforcesaresuccessfullydescribed in terms of ¯elds,

1 The quarks have a property called colour, which makesthem comein three varieties. Thus someprefer to
count a generation as consisting of two leptons and six quarks.

2 Neutrino massesare still not quite clear. There only exist upper bounds on their masses,plus there are
observations establishing that their massesare non-zero.

3 Actually it wasby ¯nding proof of neutrino oscillations that it wasestablishedthat neutrinos have non-zero
masses.



1.3. EXTRA DIMENSIONS 3

but on the microscopiclevel forcesarebetter describedasexchangeof particles.4 QED pro-
vides an extraordinarily precisedescription of electromagneticinteractions.

The strong force,alsocalled the colour force, is described by a theory modelledon QED|
Quantum Chromodynamics(QCD). Moreover, the weak force is together with the electro-
magnetic force described in a common framework| Electroweak Theory|also modelled
on QED. QCD and Electroweak Theory together with the matter particles, quarks and
leptons, constitute the Standard Model of particle physics.

The Theory of general relativit y, published in 1916 by Albert Einstein, provides the
presently best description of gravit y. General relativit y is, like the Standard Model, an
outstandingly successfultheory giving predictions which are in perfect agreement with
observations. However, if we try to quantise general relativit y we end up with a non-
renormalisabletheory|a theory which doesnot allow us to make predictions.

The uni¯cation of quantum theory and general relativit y has been a major problem in
physicsever sincethesetheorieswereproposed.The problemis that sinceall ¯elds carrying
energyare a®ectedby gravit y, gravit y contributes to its own source.When trying to do
calculationson the energyscalewheregravit y is usually thought to be of similar strength
to the other forces,the graviton selfcouplingcauses°uctuations which introducesin¯nities
in the calculations.

1.3 Extra dimensions

An early proposal to unite generalrelativit y and electromagnetismwas given by Theodor
Franz Eduard Kaluza in 1919. What Kaluza did was to introduce one extra spatial di-
mension,but let all ¯elds be independent of this new dimension,save gravit y itself. This
approach gave the striking result that when working out the Einstein equations in this
special ¯v e-dimensionalspace-time,the result was the ordinary four-dimensionalEinstein
equationsand Maxwell's equations.That is, by introducing a ¯fth dimensionKaluza could
describe both gravit y and electromagnetismin the samemathematical framework.5

A few years later the Swedish mathematician Oskar Klein adopted Kaluza's theory in
an attempt to unify quantum theory and generalrelativit y. Klein added a feature to the
theory which is important in modern Kaluza-Klein theories|compacti¯cation of the extra

4 Due to particle-wave dualit y, both matter particle and force carriers are actually described in terms of
quantised ¯elds.

5 The Finnish physicist Gunnar NordstrÄom had a few years earlier made a similar attempt to unify elec-
tromagnetism and gravitation, also intro ducing oneextra dimensions.NordstrÄom did, however, work with
a scalar theory of gravit y, not with a tensor theory like general relativit y (which had not beenpublished
yet). When Einstein published his theory of general relativit y, NordstrÄom abandonedhis own approach.
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dimension.To be speci¯c, Klein assumedthe extra dimensionto be periodic with a period
which is not much greater than the Planck length [1].

However, the Kaluza-Klein theory had somede¯cienciesyielding wrong predictions for
certain observables,such asthe electronchargeto massratio, for instance.This, combined
with the observation of nuclearforcesand the rapid progressin quantum mechanics,caused
the Kaluza-Klein theory to be put aside,not to be taken up again until several decades
later.

In the 1970'sthe conceptof extra dimensionsre-entered the arena through the discovery
of string theory, which later wasdeveloped into superstring theory. This is a theory6 which
in a self-consistent way uni¯es generalrelativit y with quantum mechanics by using one-
dimensionalobjects|sup erstrings|living in 10-dimensionalspace-time.

Although superstring theory providesa possiblesolution to the long-wished-foruni¯cation
of gravit y and quantum mechanics, there has beena lot of scepticismtoward the theory.
The reasonfor this is that in its traditional formulation superstring theory has not been
able to give any predictions7 within accessibleenergy. A few years ago a new idea gave
hope; someor all of the extra dimensionscould be considerably larger than previously
assumed,which was of the order 10¡ 35 m. If this proves to be true, there is hope to see
quantum gravit y e®ectsin the next generationof colliders.

6 There are actually ¯v e di®erent, self-consistent superstring theories. More recent results show that these
¯v e apparently independent theories can be seenas di®erent manifestations of one theory, M-theory.

7 It can be argued that superstring theory has predicted gravit y, sincethe graviton cameout as an essential
part even though the theory originally was designedto describe hadrons, not gravit y.



Chapter 2

The Standard Mo del

The StandardModel is a summaryof known physicson the microscopiclevel. This includes
the matter particles and their fundamental interactions. As mentioned in Chapter 1, the
matter particles include six leptons and six quarks. The forcesincluded are electromag-
netism, the colour force and the weak force. The only known fundamental force which is
not included in the Standard Model is gravit y. The reasonwhy gravit y is not included,
is that we so far do not have a consistent quantum description of it. But sincegravit y is
so much feebler than the other forces,at least on the energyscaleavailable in past and
present experiments, the omissionof gravit y doesnot constrain the predictive power of the
Standard Model much.

In this chapter we will ¯rst give somemore details on the Standard Model particles, and
then give a mathematical description of the interactions in the Standard Model.

The presentation given here will to a large extent follow the textbook on quantum ¯eld
theory by Mandl and Shaw [2].

2.1 The Standard Mo del particles

So far we have presented two categoriesof particles|those which build up matter and
those which mediate the interactions. But this proves to be insu±cient. As we shall see,
to be able to give massesto the particles yet another ¯eld, and hencea new particle, will
be needed.This is the Higgs boson.Thus far the Higgs bosonhas not beenobserved, but
sinceit plays such an essential role in the Standard Model it is believed to exist.

In addition to theseparticles, all particles are alsoassignedan anti-particle. (A few of the
particles are their own anti-particles.) Theseare particles of identical mass,but with all
the quantum numbers reversedwith respect to the particle to which they correspond.

5



6 CHAPTER 2. THE STANDARD MODEL

2.1.1 Matter particles

The division of the matter particles into quarks and leptons is suggestedby the way they
interact, or equivalently, by what kind of charge they carry. All matter particles carry
electroweak charge,but only the quarks carry colour charge.

Another natural way to organisethe fundamental matter particles is to divide them into
three generations,each generationhaving two quarksand two leptons.The ¯rst generation
is made up of the up and down quarks, the electron and the electron neutrino. The up
and down quarks come,as do all quarks, in three di®erent colours,arbitrarily namedred,
blue and green.1 Only colourlessparticles are seenin nature, meaningthat quarks always
comein combinations with one red, one blue and one greenquark, or one quark and an
anti-quark with the corresponding anti-colour.2. The up and down quarks have electrical
charges+ 2

3e and ¡ 1
3e, respectively. Thesefractional electron chargesare never observed,

though, sinceall colourlessstateshave integer electron charge.The electron haselectrical
charge¡ e, and the electronneutrino hasno electrical charge.

The two other generationsfollow the samepattern as the ¯rst, having one up-type and
onedown-type quark, onechargedlepton and oneneutrino, but theseparticles areheavier.
The electron-like particle in the secondgeneration is the called muon. Correspondingly,
the neutrino of the secondgenerationis called the muon neutrino. The down- and up-type
quarks of the secondgenerationare called strange and charm, respectively.

The leptons of the third generationare the tau and the tau neutrino. The tau neutrino
was the last of the matter particles to be observed. Direct evidencefor its existencewas
found as late as in 2000.The down- and up-type quarks of the third generationare called
bottom and top, respectively.3

Even though the higher generationsresemble the ¯rst so intimately, theseparticles are not
believed to be excited states of the ¯rst generationparticles. If they had been,we would
for instanceexpect to seea muon decay into an electronand a photon,

¹ ¡ ! e¡ + ° ;

which would be favourable to the way it is actually observed to decay,

¹ ¡ ! e¡ + º ¹ + ¹º e:

Similar non-observeddecays for the other highergenerationparticlesalsosuggestthat they
are not just excited statesof the ¯rst generationparticles.

1 Also the name colour is arbitrarily chosen|it has nothing to do with colours as we seethem, but is just
usedto refer to an intrinsic property of quarks.

2 In addition to states consisting of three quarks or one quark and one anti-quark, we could for instance
expect to seestatesof six or nine quarks. Such statescould alsosatisfy the requirement of being colourless,
but they have never beenseen.

3 The namesbeauty and truth can also be encountered sometimes.
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No more than thesethree generationsare expected to be found|exp eriments performed
at LEP rule out the existenceof another light neutrino [3], and thereby making it unlikely
that more generationsexist.

A summary of the most important properties of the matter particles is given in table 2.1.

Particle Symbol Spin Mass Lifetime Charge Interaction
Electron e 0.511MeV stable
Muon ¹ 1

2 105.66MeV 2:20 ¢10¡ 6 s ¡ 1 Electroweak
Tau ¿ 1777MeV 3:3 ¢10¡ 13 s
Electron-
neutrino

º e < 3 eV

Muon-
neutrino

º ¹
1
2 < 190 keV oscillates 0 Electroweak

Tau-
neutrino

º ¿ < 18 MeV

Down d 1 - 5 MeV stable ¡ 1
3

Up u 3 - 9 MeV stable + 2
3 Electroweak

Charm c 1
2 75 - 170 MeV unstable ¡ 1

3 &
Strange s » 1.15 - 1.35 GeV unstable + 2

3 Strong
Bottom b » 4.0 - 4.4 GeV unstable ¡ 1

3
Top t (174§ 5) GeV unstable + 2

3

Table 2.1: The Standard Model matter particles

2.1.2 Force-mediating particles

The interactions of particles in the Standard Model are described in terms of exchange
of other particles. We will in the next sectionsgive a mathematical formulation of the
interactions, but beforewe do that, we brie°y review the properties of the forcesand the
mediating particles.

The electromagneticforce is mediated by the photon, a masslessparticle with no charge.
The photon couplesto other particles according to their electric charges,and since the
photon itself has no electric charge there are no self-interactions. Sincephotons have no
mass,and sincethere areno photon-photoncouplingsthe electromagneticforcehasin¯nite
range.

The weak force is mediated by three massive gaugebosons;W § and Z 0. Contrary to
the electromagneticforce, the weak forcehasa very short range|only about 10¡ 17m. The
short rangeis dueto the largemassof the force-carryingbosons|the massesof the W § are
about 80 times that of the proton, and Z 0 is even heavier. The large massesof the bosons
are also the reasonwhy the weak force appearsso much weaker than the electromagnetic
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force. In fact, at energieswhere the massesof the gaugebosonsare negligible thesetwo
forcesare of similar strength and can even be described as one,uni¯ed force.

The weakforcecouplesto all particleshaving weakcharge.This alsoincludesthe mediating
bosonsthemselves,meaningthat verticeslike for instance

Z 0 ! W + + W ¡ and ° + ° ! W + + W ¡

do exist.

The strong force is mediated by eight gluons. The strong force couplesto all particles
carrying colour charge, that is, quarks and gluons. The self interactions of the gluons
restrict the rangeof the strong forceto about the sizeof a nucleoneven though the gluons
are massless.The colour force self-interactions can alsoexplain why free quarks are never
seen.If we try to separateout onesinglequark, the gluon-gluoninteractions will causean
increasing¯eld strength as the separationgrows. This is why only colour neutral objects
can be observed.

A summary of the most important properties of the force-mediatingparticles is given in
table 2.2.

Particle Symbol Spin Mass Lifetime Charge Interaction
Photon ° < 2 ¢10¡ 6 eV stable 0
W § boson W § 1 80.4 MeV » 3:1 ¢10¡ 25 s § 1 Electroweak
Z 0 boson Z 0 91.19MeV » 2:6 ¢10¡ 25 s 0
Gluon g 1 0 stable 0 Strong

Table 2.2: The Standard Model gaugebosons

2.2 Quan tised ¯eld theories

Mathematically the StandardModel particles and their interactionsaredescribed in terms
of quantised ¯elds, wherethe particles are the quanta of the ¯elds. As a starting point for
this description we take classicalLagrangian¯eld theory, i.e. we work with non-quantised
¯elds. Later on we will apply constraints on the ¯elds and their canonical momenta to
achieve quantisation.

In the Lagrangianformalism the equationsof motion for the ¯eld areobtainedby variation
of the action integral under the requirement that the action should be extremal. For an
arbitrary ¯eld we can write the action integral as

S =
Z t2

t1

dt L =
Z t2

t1

dt
Z

d3x L ; (2.1)
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where L is the Lagrangian, and L is the Lagrangian density of the ¯eld. 4 By variation,
using the requirement that ±S = 0, we ¯nd the Euler-Lagrangeequation, through which
the equationsof motion are given:5

@L
@Ár

¡ @¹
@L

@(@¹ Ár )
= 0: (2.2)

We ¯nd the Hamiltonian density of the ¯eld through a Legendretransformation of the
Lagrangiandensity:

H = ¼_Á¡ L ; (2.3)

where¼= @L =@_Á is the canonicalconjugateof the ¯eld Á. The Hamiltonian of the ¯eld
is found by integrating the Hamiltonian density over all space

H =
Z

d3x H : (2.4)

By knowledgeof the Hamiltonian the classicalbehaviour of the systemis completely de-
termined. Were it not for quantum e®ectsthis would be the bottom line. But on the
microscopiclevel, nature is not classical.Thereforewe needto quantise the ¯eld in order
to give a correct description of the phenomenawe observe.

2.2.1 Quan tisation of the ¯eld

When quantising the ¯eld, the statistics which the particles it describes exhibit must be
considered.Experimentally we know that particles with integer spin are symmetric under
interchange of identical particles, that is, they follow Bose-Einsteinstatistics. Particles
with half-integerspin, on the other hand, areanti-symmetric under interchangeof identical
particles, that is, they follow Fermi statistics. The integer spin particles are referredto as
bosons,and the half-integer spin particles as fermions.

To quantise a boson ¯eld, we imposea commutation 6 relation between the ¯eld and its
conjugatemomentum. The requirement for a boson¯eld, Á, is then

[Ár (x; t); ¼Á;s(x0; t)] = i±r s±(x ¡ x0): (2.5)

When quantising a fermion ¯eld we replacethe commutation relation of the boson¯eld by
an anti-commutation7 relation. Thus for a fermion ¯eld, Ã, we require

f Ãr (x; t); ¼Ã;s(x0; t)g = i±r s±(x ¡ x0): (2.6)

4 We will often refer to the Lagrangian density simply as the Lagrangian.
5 In practise the Lagrangian is constructed so as to reproduce the classicalequations of motion. For spinor

¯elds no classicalequations of motion exist. The guiding principle to determine the Lagrangian then is
that it should reproduce experimental results.

6 We de¯ne the commutation operator, denoted [¢; ¢], as [A; B ] ´ AB ¡ B A.
7 We de¯ne the anti-commutation operator, denoted f¢; ¢g, as f A; B g ´ AB + B A.
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2.2.2 In teractions

The interactionsof the ¯elds areobtained from the gaugeprinciple. This is doneby requir-
ing that a local phase,or gauge,transformation of the ¯eld shouldnot changeany physical
observables.Correspondingly, such theoriesare often referredto as gaugetheories.

A generallocal phasetransformation can be written as

Á ! Á0 = U(x)Á
(2.7)

Áy ! Á0y = ÁyUy(x);

where U(x) is a unitary matrix, i.e. Uy(x) = U¡ 1(x), with determinant 1. In the caseof
U(1) transformations, U(x) reducesto an exponential function

U(x) = eiQÂ (x) ;

whereÂ(x) is an arbitrary, real function.

In the caseof SU(2) and SU(3) transformations we will write U(x) as

U(x) = ei¿a Âa (x) ;

where ¿a are 2 £ 2 and 3 £ 3 matrices, respectively, and Âa(x) is a set of arbitrary, real
functions. To ensurethat det[U(x)] = 1 we must require the ¿-matrices to be traceless.

The requirement that the physics described by the ¯eld should be left unchangedwhen
we apply the transformation (2.7), is the sameas,up to a total derivative,8 to require the
Lagrangianto be invariant under the sametransformation. But introduction of such a local
phasetransformation will generally not leave the free-¯eld Lagrangian unchanged,since
di®erentiation of the transformed ¯eld producesan extra term comparedto the original
¯eld:

@¹ Á0 = @¹ (U(x)Á)

= (@¹ U(x)) Á+ U(x)@¹ Á:

To ensurethat the Lagrangian remainsunchangedunder the local phasetransformation,
we replacethe normal derivative,@¹ , with a newderivative,D ¹ , calledcovariant derivative,
in such a way that

Áy° ¹ D ¹ Á ! Á0y° ¹ D 0
¹ Á0 = Áy° ¹ Uy(x)D 0

¹ U(x)Á; (2.8)

8 Although not of interest for gaugetransformations, a moregeneraltransformation of the ¯eld may intro duce
a total derivative in the Lagrangian. But since¯nding the action involvesintegrating the Lagrangian over
all of space-time,the addition of a total derivative to the Lagrangian doesnot changethe physicsdescribed
by it.
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or

D ¹ ! D 0
¹ = U(x)D ¹ Uy(x): (2.9)

Such a replacement of the derivative will typically introducenew terms in the Lagrangian.
As we shall see,theseterms can be identi¯ed with the interaction between¯elds.

2.2.3 Perturbation expansion

When we know the Lagrangian of the ¯eld, and hence the Hamiltonian, we could, in
principle, ¯nd the time evolution of the ¯eld by solving the SchrÄodinger equation

i
d
dt

j©(t)i = H (t)j©(t)i : (2.10)

But for interacting ¯elds this equationis in generalnot analytically solvable.Oneapproach
which is often usedto ¯nd approximate solutionsof the equationis perturbation expansion.

To be able to approximate the solution using perturbation expansion,we needto have the
equation on a form wherewe can ¯nd an exact solution, was it not for the appearanceof
a small, perturbing term. This is indeedoften the casein the ¯eld theorieswe are treating
here.The free-¯eld equationsaresolvable,and the interaction terms areoften small enough
to be successfullytreated as a perturbation.

Wenow write the full Hamiltonian of the systemasa sumof free-¯eld parts and interaction
parts,

H = H0 + H I ; (2.11)

where(2.10) is solvablefor H = H0. The evolution of a state cannow formally bedescribed
by the SchrÄodinger-like equation

i
d
dt

j©(t)i = H I (t)j©(t)i ; (2.12)

whereonly the interaction part of the Hamiltonian operateson the ¯eld. This equationhas
the formal solution

j©(t)i = ji i + (¡ i )
Z t

¡1
dtH I (t1)j©(t1)i ; (2.13)

wherethe integration constant, ji i is the initial state, i.e. ji i = j©(¡1 )i . Iterating equation
(2.13), and taking the limit t ! 1 , we ¯nd

j©(1 )i = Sji i ; (2.14)
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where

S =
1X

n=0

(¡ i )n
Z 1

¡1
dt1

Z t1

¡1
dt2 : : :

Z tn ¡ 1

¡1
dtnH I (t1)H I (t2) : : : H I (tn )

=
1X

n=0

(¡ i )n

n!

Z 1

¡1
dt1

Z 1

¡1
dt2 : : :

Z 1

¡1
dtnT f H I (t1)H I (t2) : : : H I (tn)g : (2.15)

Here Tf : : :g meanstime-ordered product.9 Using (2.4) we put (2.15) into an manifestly
covariant form

S =
1X

n=0

(¡ i )n

n!

Z
: : :

Z
d4x1d4x2 : : : d4xnT f H I (x i )H I (x2) : : : H I (xn )g ; (2.16)

wherethe integration is over all space-time.

The state j©(1 )i contains all possible¯nal states,given the initial state ji i . To calculate
the transition probability to a speci¯c ¯nal state jf i , we project out this state. Thus the
probability amplitude for the transition from the the initial state ji i to the ¯nal state jf i
is given by

hf j©(1 )i = hf jSji i ´ Sf i : (2.17)

If now H I is su±ciently small, we can use (2.16) as a perturbation expansion for the
equation (2.14). This is the caseboth for electromagneticand weak interactions. For the
strong interaction, however, this is only true for su±ciently high energies.

Each term in the S-matrix expansion(2.16) can be associated with certain Feynman di-
agrams. Using this correspondencewe can equate rules which allow us to read o® the
amplitude directly from the Feynmandiagrams.When doing this it is convenient to write
the S-matrix on the form

Sf i = ±f i + (2¼)4±(4)
³ X

pf ¡
X

pi

´ Y

i

1
p

2VE i

Y

f

1
p

2VE f

Y

l

M ; (2.18)

where M is the Feynman amplitude. A summary of the Feynman rules relevant for this
thesisare given in Appendix B.

2.2.4 Cross sections

To beableto compareour theory with experimental data weneedto calculatesomephysical
observable. The transition matrix, S, describesthe transition from the initial state to the

9 Time-ordered products are de¯ned such that the operators are applied chronologically, that is, the earliest
times are to the right and the latest times to the left. If two fermion ¯elds are interchangedto obtain time
ordering, a minus sign is intro duced.
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¯nal state, but it is not itself a physical observable. When studying oneparticle decaying
to two or more particles, the relevant quantit y is the lifetime ¿, or equivalently the decay
width ¡ = 1

¿ . In collision processes,which is what we will mostly study here, the relevant
quantit y is the crosssectionor the di®erential crosssection.

The di®erential crosssectioncan be written as

d¾ =
1

°ux
£ w £ (# of ¯nal states)

= (2¼)4±(4)
³ X

pf ¡
X

pi

´ 1
4E1E2vrel

Y

f

d3pf

2(2¼)3E f
jMj 2: (2.19)

Here vrel is the sum of the magnitudesof the colliding particles' velocities relative to the
coordinate systemused.Note that with this de¯nition we can have vrel > 1. A special case,
which will be useful for us in this thesis, is when we study the collision in the centre of
masssystem.Then we ¯nd

vrel =
jp1j
E1

+
jp2j
E2

= jp1j
E1 + E2

E1E2
: (2.20)

If we want the covarianceof the crosssectionto be manifest, we use

E1E2vrel =
£
(p1¢p2)2 ¡ m2

1m2
2

¤1=2
: (2.21)

2.2.5 Renormalisation

When doing perturbative calculationsin quantum ¯eld theories,we facea technical prob-
lem. Even for the theorieswhere the expansionparameter is small enoughto allow for a
perturbation expansion,we ¯nd that higher order corrections apparently are not small.
In fact, these corrections contribute with divergent integrals. Theseare problems which
seeminglyinvalidate our perturbative approach. However, the divergencesare sometimes
removable, in which casewe refer to the theory as renormalisable.

We will not give a full technical description of the procedureof renormalisationhere,but
only give a sketch of how it is done. Renormalisation is a two-step procedure|w e ¯rst
regularisethe divergent integrals, then we remove the in¯nities.

The regularisation can be seenas a \parametrisation of the in¯nities". By modifying the
integral accordingto somescheme,the divergenceof the integral canbe avoided,but there
are parts which will divergein the physical limit. Theseare the parts which we have to get
rid of in the secondstep.

There are di®erent schemesfor regularisation. Theseschemesmay be very di®erent, both
technically and in how they shouldbe interpreted physically. Indeed,not all schemescanbe
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givena physical interpretation. The important point is, however, that the regularisationwe
useis able to producepredictions which are in agreement with experimental observations.

After regularising the integrals the divergent parts are removed by absorbing them into
bare parameterssuch as those of particle chargesor masses,and requiring normalisation
conditions which make the bottom line ¯nite. This processmay look spurious,but it can
actually be given a physical interpretation. For instancewe may argue that the chargeof
an electron as we observe it is not the true charge,but only an e®ective charge.Sincethe
electromagnetic̄ eld which surroundsthe electronhasenergy, there may be pairs of virtual
particles in it. The ¯eld will polarise thesepairs so that they produce a screeninge®ect.
Thereforethe chargeof the electronshould depend on the energyscaleat which we probe
it. And indeed,this is observed|in high energycollisionsthe ¯ne structure constant is not
measuredto be ® = 1=137,but somewhatlarger.

2.3 Quan tum Electro dynamics

The ¯rst quantum ¯eld theory to be developed was Quantum Electrodynamics. This is
the descriptionof the interaction betweenmatter and the electromagnetic̄ eld. Sinceboth
quarks and leptonsare spin-1

2 particles, we will collectively refer to them as fermions.The
free fermion ¯eld can be described by the Lagrangian

L = ¹Ã(i 6@¡ m)Ã: (2.22)

Since the electromagnetic¯eld couplesto charged particles only, what follows does not
apply to neutrinos,which areelectrically neutral. Wewill hereprimarily focuson electrons,
but the generalisationto other chargedleptons and quarks is trivial.

QED is a U(1) gaugetheory, so the gaugetransformation (2.7) takesthe form

Ã ! Ã0 = e¡ ieÂ(x)Ã
(2.23)

Ãy ! Ã0y = eieÂ(x)Ãy:

Note that we have taken Q = ¡ e, anticipating that we are describing electrons which
have charge ¡ e, with e > 0. If we want to describe the interaction of quarks with the
electromagnetic¯eld, for instance,we should take Q = 2

3e or Q = ¡ 1
3e.

The covariant derivative in QED then becomes

D ¹ = @¹ ¡ ieA ¹ ; (2.24)

whereA ¹ must transform as

A ¹ ! A0
¹ = A ¹ + @¹ Â(x) (2.25)
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to leave the Lagrangian (2.22) invariant. But this is just the familiar transformation for
the electromagneticpotential, which we know leavesthe electromagnetic¯eld unchanged.
Thus by insisting on gaugeinvariance of the fermion Lagrangian, we have obtained the
fermion coupling to the electromagnetic¯eld, given by the extra term in the Lagrangian

L in teraction = eA¹ ( ¹Ã° ¹ Ã): (2.26)

To make the description of the interaction of fermion ¯elds and electromagnetic¯elds
complete,we must alsoadd a kinetic term for the electromagnetic¯eld to the Lagrangian.
The total Lagrangian then becomes

L = L fermion + L in teraction + L EM

= ¹Ã (i° ¹ @¹ ¡ m) Ã + eA¹
¡ ¹Ã° ¹ Ã

¢
¡

1
4

F¹º F ¹º ; (2.27)

where
F ¹º = @º A ¹ ¡ @¹ Aº (2.28)

is the electromagnetic¯eld strength tensor.

2.4 Quan tum Chromo dynamics

To describe the strong interaction, a similar approach to that of electromagnetismcan be
used.However, there is oneaspect that makesthings more complicated;experiments have
shown that the chargeof the strong interaction, often called colour charge,comesin three
di®erent varieties.Wecall thesevarietiesred, greenand blue. Sincethe colourchargecomes
in three di®erent varieties the quark ¯eld must be represented by an SU(3) triplet,

Ã =

0

@
Ãred

Ãgreen

Ãblue

1

A ; (2.29)

and the simple U(1) phasetransformation we introducedin QED must be replacedby an
SU(3) transformation. Thus a gaugetransformation of the quark ¯eld looks like

Ã ! UÃ = exp(¡ igsTaÂa(x)) Ã; (2.30)

whereTa are the SU(3) generators.The covariant derivative takesthe form

D ¹ = @¹ ¡ igsG¹ : (2.31)

For this covariant derivative to transform correctly, weneedthe gaugē eld G¹ to transform
as

G¹ ! UG¹ Uy ¡
i
gs

(@¹ U) Uy: (2.32)
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Making the transformation in¯nitesimal we ¯nd

G¹
a ! G¹

a ¡ @¹ (±Âa) + gsf abc±ÂbG¹
c ; (2.33)

wheref abc are SU(3) structure constants, de¯ned by [T a; Tb] = if abcTc.

In a similar manner to QED we can make a perturbation expansionto solve the equations
of motion. But there is one problem which complicates the matter; the coupling \con-
stant" is not constant, but varieswith the energyscale.The coupling is strongestfor small
momentum transfers, and approacheszero as the energy increases.For small momentum
transfersthe couplingconstant is too largeto permit us to make a meaningfulperturbation
expansion.

2.5 Electro weak theory

Also the weak force can be described as a gaugetheory. But the proper setting for this
description is not the weak force as such, but the uni¯cation of the electromagneticand
the weak forces.We will refer to this construct as the electroweak force.

To develop the electroweak theory we start by taking the free Lagrangian for massless10

fermions,
L 0 =

X

l

i ¹Ãl (x) 6@Ãl (x); (2.34)

where the sum is over the di®erent fermion ¯elds. Experiments have shown that in weak
interactions, the right- and left-handed components of the fermion ¯elds are a®ecteddif-
ferently. In particular, the charged-current weak interaction only couplesto left-handed
fermionsand right-handed anti-fermions. To incorporate this into the theory it is useful to
put the left-handed fermion ¯elds together in a two-component iso-spinor,

ª L
l (x) =

µ
ÃL

º l
(x)

ÃL
l (x)

¶
; (2.35)

while letting the right-handed fermion ¯elds be isoscalars.Using this new formulation, the
Lagrangiancan be rewritten

L 0 =
X

l

h
i ª

L
l (x)6@ª L

l (x) + i ¹ÃR
l (x)6@ÃR

l (x) + i ¹ÃR
º l

(x)6@ÃR
º l

(x)
i

: (2.36)

To introduceinteractionswith gaugē elds, werequirethe Lagrangianto be invariant under
the SU(2) ­ U(1) gaugetransformation.

Ã ! Ã0 = exp
³

i
¾a

2
Âa(x)

´
£ exp(iy j ¯ (x)) Ã; (2.37)

10 The simplest version of the electroweak theory doesnot permit massesneither to the fermions, nor to the
intermediate gaugebosons.
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Here Âa(x) are three arbitrary, real di®erentiable functions, and yi are the hypercharges
of the fermion ¯elds. To obtain gaugeinvariancewe replacethe normal derivative by the
covariant derivative

D ¹ = [@¹ + igW¹ (x) + ig0yj B ¹ (x)] ; (2.38)

whereW¹ (x) is invariant under U(1) hypercharge transformations and B ¹ (x) is invariant
under SU(2) transformations.Using this covariant derivative the requirement on the force
¯elds are that they transform as

B ¹ (x) ! B 0
¹ (x) = B ¹ (x) +

1
g0

@¹ ¯ (x) (2.39)

W¹ (x) ! W 0
¹ (x) = U(x)W¹ (x)Uy(x) +

i
g

U(x)@¹ Uy(x); (2.40)

where
U(x) = exp

³
i
¾a

2
Âa(x)

´
:

Making the transformation (2.40) in¯nitesimal, and using W¹ (x) = ¾a
2 W a

¹ (x), we ¯nd

W a
¹ ! W 0a

¹ = W a
¹ +

1
g

@¹ Âa + ²abcÂbW c
¹ + O(Â2):

The interaction part of the Lagrangiancan now be written

L I = i
½

ª
L
l [ig

¾a

2
6W a(x) ¡ ig01

2
6B(x)]ª L

l + ¹ÃR
l [¡ ig0 6B(x)]ÃR

l

¾

=
¡ g

2
p

2
[J ¹ y(x)W¹ (x) + J ¹ (x)W y

¹ (x)] ¡ gJ ¹
3 (x)W3¹ (x) ¡ g0J ¹

Y (x)B ¹ (x); (2.41)

where

J ¹ = 4(J ¹
1 ¡ iJ ¹

2 ) = 4(ª
L
l

¾1

2
° ¹ ª L

l + ª
L
l

¾2

2
° ¹ ª L

l );

J ¹
3 = ª

L
l

¾3

2
° ¹ ª L

l ;

J ¹
Y = ¡

1
2

ª
L
l ° ¹ ª L

l ¡ ¹ÃR
l ° ¹ ÃR

l ;

and
W¹ =

1
p

2
(W1¹ ¡ iW2¹ ):

The ¯rst part of the interaction Lagrangian (2.41) represents coupling of fermions to
charged gaugebosons.Thus W¹ and W y

¹ can be identi¯ed with the W § particles. The
secondpart of the interaction Lagrangianrepresents coupling of fermionsto neutral gauge



18 CHAPTER 2. THE STANDARD MODEL

bosons.However, W3¹ and B ¹ cannot be identi¯ed with any physical particles, but linear
combinations of them make up the Z 0-bosonand the photon. Speci¯cally,

Z 0
¹ = cosµW W3¹ ¡ sinµW B ¹ (2.42)

° ¹ = sinµW W3¹ + cosµW B ¹ : (2.43)

Requiring this formulation of electromagneticinteraction to coÄ³ncidewith the results from
QED, we ¯nd

g0 =
e

cosµW

To complete this description, we have to add kinetic terms for the gaugebosonsto the
Lagrangian.For the U(1) gauge¯eld we add

¡
1
4

B ¹º (x)B ¹º (x); B ¹º ´ @º B ¹ ¡ @¹ B º : (2.44)

in analogy with the electromagnetic¯eld strength tensor (2.28). For the SU(2) ¯elds we
add

¡
1
4

Ga¹º (x)G¹º
a ; G¹º

a ´ @º W ¹
a ¡ @¹ W º

a + g²abcW ¹
b W º

c :

Note that, in addition to the free-¯eld terms, thereareinteraction termsdescribingcoupling
betweenthree and four gaugebosons.

2.5.1 The Higgs mechanism

The presentation of the electroweak theory so far has assumedthat both the fermions
and the gaugebosonsare massless.Experimentally we know that this is wrong; both the
fermionsand the gaugebosons,exceptthe photon, aremassive.NaÄ³vely we could introduce
massesby adding to L

m2
W W y

¹ W ¹ +
1
2

m2
Z Z¹ Z ¹ ¡ ml

¹ÃlÃl ¡ mº l
¹Ãº l Ãº l :

Unfortunately, this would breakthe SU(2)­ U(1) gaugeinvariancesincethesetermscouple
right- and left-handed components of the ¯eld. Sincegaugeinvariance is the principle on
which the theory is built, this is unacceptable,so we needto introduce massesby other
means.

Spontaneoussymmetry breaking provides such an alternative way to introducemassesin
the theory. This mechanism relies on coupling to a scalar ¯eld with a degenerateground
state. Sincea scalar¯eld hasno preferreddirection, there can exist such a ¯eld which per-
vadesall of space-timewithout breakingany symmetry laws. And by requiring the ground
state to be degenerate,the ¯eld can be assigneda non-zero vacuum expectation value
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while still being symmetric. Sincethe ground state must chooseoneparticular state out of
the allowed continuum of possiblestates, this symmetry will, however, be spontaneously
broken.

The particular implementation of the spontaneous symmetry breaking in the Standard
Model is called the Higgs mechanism, namedafter the British physicist Peter Higgs who,
together with Fran»coisEnglert and Robert Brout, proposedthe mechanism in 1964.

Through their couplingsto the Higgs ¯eld the massesof the W § and Z 0 bosonsnaturally
emerge,while the photon remainsmassless.Also, through Yukawa couplingsof the fermion
¯elds to the Higgs ¯eld also leptons and quarks can be given masseswithout breaking the
gaugesymmetry.

The introduction of this scalar¯eld implies the existenceof a spin-0particle, known asthe
Higgsboson.11 Sofar, no such particle is observed, but its existenceis absolutelynecessary
for the theory to work. Unfortunately the massof the Higgsbosoncannot be predicted by
the theory.

11 Someversionsof the Higgs mechanism require more than one spin-0 particle.





Chapter 3

General Theory of Relativit y

Gravit y is the fundamental forcethat we have most direct experiencewith in everyday life,
and it wasalsothe ¯rst of the fundamental forcesto be given a proper scienti¯c treatment.
The descriptiongivenby Newtondid indeedgiveexactresultsboth for phenomenaon earth
aswell asfor the motion of celestialbodies.1 But after the development of special relativit y
it was clear that Newtonian gravit y could not be correct; accordingto Newtonian gravit y
interactions at a distanceare instantaneous,in contradiction with the speedof light being
the maximal velocity of propagation.A theory of gravit y which respectedspecial relativit y
was needed,and in 1916Einstein presented the answer| the generaltheory of relativit y.

We start the discussionof the theory by presenting the principles on which it is built.
Then, before proceedingto the derivation of gravitational equations,we need to have a
look into the mathematics usedto describe curved space-time.The mathematics used is
Riemanniangeometry, originally devisedas a pieceof abstract mathematics,but Einstein
found it perfect for the description of gravit y. We will not go deeply into this matter, but
only quote a few results that are neededin deriving the equationsthat govern gravit y.

3.1 Underlying principles

The special theory of relativit y is deducedfrom two simple principles:

² The speedof light in vacuum is the samein all inertial systems.
² All laws of physicsshould be invariant under transformations betweeninertial systems.

In generalrelativit y thesestatements still hold true, but in order to include gravitational
e®ectsthe latter has to be generalised.In particular, it is no longer su±cient to consider
transformations between inertial systemsonly, but to allow for transformations between
any two systems.By using the Principle of Equivalence2;

1 The exception here is the unexplained perihelion shift of Mercury.
2 Quoted from Weinberg [4].

21
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At every space-timepoint in an arbitrary gravitational ¯eld it is possibleto
choosea \lo cally inertial coordinate system" such that, within a su±ciently
small regionof the point in question,the lawsof nature take the sameform as
in unacceleratedCartesiancoordinate systemsin the absenceof gravitation.

we seethat the inclusion of non-inertial frames facilitates the embedding of gravit y into
the theory. The \lo cally inertial coordinate system" we shouldchooseis the frameattached
to a body which movesunder the in°uence of no forces,save thosefrom the gravitational
¯eld itself. We call this frame a freely falling coordinate system. If we observe a particle
moving in a gravitational ¯eld, not in°uenced by other forcesthan gravit y, its equation of
motion relative to the freely falling coordinate system3 is simply

d2y®

d¿2
= 0; (3.1)

with the proper time
d¿2 = ´ ®¯ dy®dy¯ :

We recognisethis as a straight line in space-time.

Expressingthe proper time in an arbitrary coordinate systemx ¹ we ¯nd

d¿2 = ´ ®¯
@y®

@x¹
dx¹ @y¯

@xº
dxº ´ g¹º dx¹ dxº ; (3.2)

where

g¹º ´
@y®

@x¹

@y¯

@xº
´ ®¯ (3.3)

is the metric tensor.The metric tensorplays the roleof the Minkowski tensor´ ®¯ whenthere
is a gravitational ¯eld present. Indeed, if there is no gravitational ¯eld, the metric tensor
reducesto the Minkowski tensor. If this condition holds true, we refer to the space-time
as °at or Galilean. Unlike the Minkowski tensor, the metric tensor is generallycoordinate
dependent.

Transformingequation (3.1) into the coordinate systemx ¹ we ¯nd

0 =
d
d¿

µ
@y®

@x¹

dx¹

d¿

¶

=
@y®

@x¹

d2x¹

d¿2
+

@2y®

@x¹ @xº

dx¹

d¿
dxº

d¿
:

Multiplying by @x¸ =@y® and using

@y®

@x¹

@x¸

@y®
= ±¸

¹ ;

3 If the gravitational ¯eld is inhomogeneous,it is essential to take the freely falling coordinate system at
that point at which the particle is at each moment.
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we can expressthe equation of motion in the coordinate systemx ¹ by

0 =
d2x¸

d¿2
+ ¡ ¸

¹º
dx¹

d¿
dxº

d¿
; (3.4)

where

¡ ¸
¹º ´

@x¸

@y®

@2y®

@x¹ @xº
: (3.5)

¡ ¸
¹º is called the a±ne connectionor the Christo®elsymbol. Note that ¡ ¸

¹º doesnot trans-
form asa tensorsinceall its components can vanish in onecoordinate system,which is the
casein the freely falling coordinate systemy®, while in other coordinatessystemsthere are
non-vanishing components. A coordinate systemwhere all components of the Christo®el
symbol are zero is called a locally inertial system. Note that even if a system is locally
inertial the Christo®elsymbol may still have non-zeroderivatives.

Equation (3.4) has the sameform as the equation of motion for a particle in an inertial
system in°uenced by an external force. This suggeststhat the term proportional to ¡ ¸

¹º
should be interpreted as a gravitational force. Thus to determine how a particle moves
under the in°uence of a gravitational ¯eld, we have to ¯nd the functional form of ¡ ¸

¹º . To
relate the Christo®elsymbol to the metric tensorwe start by di®erentiating equation(3.3)
with respect to x¸ and usede¯nition (3.5),

@g¹º

@x¸
=

@2y®

@x¸ @x¹

@y¯

@xº
´ ®¯ +

@y®

@x¹

@2y¯

@x¸ @xº
´ ®¯

= ¡ ¾
¸¹

@y®

@x¾

@y¯

@xº
´ ®¯ + ¡ ¾

¸º
@y®

@x¹

@y¯

@x¾
´ ®¯

= ¡ ¾
¸¹ g¾º + ¡ ¾

¸º g¹¾ : (3.6)

Adding to (3.6) the sameequation with ¹ and ¸ interchangedand subtracting the same
equation with º and ¸ interchanged,we ¯nd

@g¹º

@x¸
+

@ģ º

@x¹
¡

@g¹¸

@xº
= ¡ ¾

¸¹ g¾º + ¡ ¾
¸º g¹¾ + ¡ ¾

¹¸ g¾º + ¡ ¾
¹º ģ ¾ ¡ ¡ ¾

º ¹ g¾̧ ¡ ¡ ¾
º ¸ g¹¾

= 2¡ ¾
¸¹ g¾º ; (3.7)

wherewe have usedthe fact that g¹º and ¡ ¾
¹º are symmetric under interchangeof ¹ and

º . (The latter is easily seenfrom the de¯nition (3.5)). Multiplying equation (3.7) by gº ½

and using gº ½g¾º = ±½
¾,4 the Christo®elsymbol can be written as

¡ ½
¸¹ =

1
2

gº ½

µ
@g¹º

@x¸
+

@ģ º

@x¹
¡

@g¹¸

@xº

¶
: (3.8)

4 Note that this meansthat gº ½ is the inverseof the metric tensor.
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We seethat the Christo®elsymbol, and hencethe gravitational e®ect,is completelydeter-
mined by the metric tensor. Note the important fact, which is easily seenfrom equation
(3.8) using that g¹º = ´ ¹º in °at space-time,that in the absenceof a gravitational ¯eld
¡ ¸

¹º ´ 0.

An important consequenceof the Principle of Equivalence is the Principle of General
Covariance:

A physical equationholds true in a gravitational ¯eld if it hasthe sameform
in any coordinate system,and it is true in the absenceof a gravitational ¯eld.

To seethat this follows from the Principle of Equivalence,observe that the latter principle
guaranteesthat there is a transformation to a locally inertial coordinate system|that is,
to a coordinate systemwherethere are no gravitational e®ects.

To ensurecovariance, we should expressall equations using quantities which transform
covariantly. Scalars, vectors and tensors5 have exactly this property, and are precisely
what we will use.The simplest transformation law is that of a scalar;scalarsare invariant
under coordinate transformations. A contravariant vector, A ¹ transforms as

A ¹ ! A0¹ =
@x0¹

@xº
Aº : (3.9)

A covariant vector transforms as

A ¹ ! A0
¹ =

@xº

@x0¹
Aº : (3.10)

Tensorsof higher rank transform accordingto a generalisationof (3.9) or (3.10) depending
on whether the indicesare contravariant or covariant.

3.2 More on the metric tensor

The metric tensor is de¯ned in equation(3.3). As noted in the last section,associated with
the metric tensor, there is a contravariant tensor g¹º which is the inverseof g¹º ,

g¹º gº ¸ = ±¸
¹ : (3.11)

Indicesof tensorscanbe \raised" or \lo wered" usingg¹º or g¹º in exactly the samemanner
as is doneusing the Minkowski tensor in °at space-time.

In addition to the metric tensor itself, also its determinant,

g ´ detg¹º ; (3.12)

5 A scalar is really a tensor of rank 0, and a vector is a tensor of rank 1. Becauseof this, when we say that
something holds for tensors,scalarsand vectors are implicitly included.
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will prove to be important. Using the transformation law for tensors(3.10), we ¯nd that

g0
¹º (x0) =

@x½

@x0¹

@x¾

@x0º
g½¾(x); (3.13)

which implies

g0 =

¯
¯
¯
¯det

µ
@x¹

@x0º

¶ ¯
¯
¯
¯

2

g: (3.14)

Note that sincewe can always choosea locally inertial system,there is a systemwhere

g ´ detg¹º = det ´ ¹º = ¡ 1: (3.15)

Thus the determinant of the metric tensor is everywherenegative.6

From equation (3.14) follows the important fact that d4x is not invariant under a gen-
eral coordinate transformation, but

p
¡ g d4x is. This meansthat when going to general

relativit y we should everywherereplace
R

d4x by
Rp

¡ g d4x.

3.3 Covarian t di®eren tiation

One important consequenceof the metric being dependent on the coordinates is that our
usualnotion of di®erentiation fails whenapplied to vectorsand tensors.As an examplewe
will study the di®erential of a contravariant vector. The contravariant vector transforms
accordingto the transformation law (3.9). Thus, the di®erential is given by

dA0¹ = d
µ

@x0¹

@xº
Aº

¶
=

@x0¹

@xº
dAº + Aº @2x0¹

@xº @x¸
dx¸ ; (3.16)

from which it can be seenthat di®erential of a vector is in generalnot a vector itself, since
equation (3.16) shows that dA º does not transform according to equation (3.9). This is
becausedi®erentiation involvescomparisonof vectors at di®erent space-timepoints. But
sincethe metric may di®erfrom point to point in space-time,a naÄ³ve comparisondoesnot
necessarilymakesense.To make the comparisonin a valid way, wewill have to in someway
translate oneof the vectorsto the samespace-timepoint as the other. This procedurehas
the consequencethat the normal derivative will have to be replacedby a new derivative,
called the covariant derivative,

A ¹
;¸ ´

@A ¹

@x¸
+ ¡ ¹

¸º Aº (3.17)

A ¹ ;¸ ´
@A ¹

@x¸
¡ ¡ º

¹¸ Aº ; (3.18)

6 Note that for our choiceof metric, this is not generally true when generalisingto more than four space-time
dimensions.But for a given number of dimensions,the sign of the determinant will always be the same.
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where¡ ¹
¸º is the Christo®elsymbol as de¯ned in equation (3.5). It can be shown that the

covariant di®erential of a vector, DA ¹ ´ A ¹
;¸ dx¸ , transforms as a vector [4]. Also, since

¡ ¹
½¾ ´ 0 in °at space-time,the covariant derivative reduces,as it should, to the normal

derivative when evaluated in °at space-time.

We will later needthe covariant derivative of the metric tensor.This caneasilybe obtained
by evaluating (g¹º A ¹ );¸ , whereA ¹ is an arbitrary vector, in two di®erent ways. Using the
chain rule we ¯nd

(g¹º A ¹ );¸ = g¹º A ¹
;¸ + A ¹ g¹º ;¸ = Aº ;¸ + A ¹ g¹º ;¸ : (3.19)

But on the other hand, we have

(g¹º A ¹ );¸ = Aº ;¸ : (3.20)

SinceA ¹ was arbitrary, we concludethat

g¹º ;¸ = 0: (3.21)

3.4 Some useful tensors

The Lagrangian of the gravitational ¯eld should be built from tensorsdepending on the
metric and its derivativesonly. One such tensor is the Riemann,or curvature, tensor [4]7;8

R¸
¹º ½ ´

@¡ ¸
¹º

@x½
¡

@¡ ¸
¹½

@xº
+ ¡ ¾

¹º ¡ ¸
¾½¡ ¡ ¾

¹½¡ ¸
¾º : (3.22)

The Riemann tensor contains all information about the curvature of the space-time,so it
will obviously be very useful to us. The Riemanntensor hassomeusefulproperties, which
we will list herewithout proof:9

R¸¹º ½ = ¡ R¹¸º ½ = ¡ R¸¹½º (3.23)

R¸¹º ½ = Rº ½¸¹ (3.24)

R¸¹º ½+ R¸º ½¹ + R¸½¹º = 0 (3.25)

R¾
¸¹º ;½+ R¾

¸½¹ ;º + R¾
¸º ½;¹ = 0 (3.26)

Equation (3.26) is known as the Bianchi identit y.

7 Someauthors de¯ne this with the opposite sign. The choice of sign of the Riemann tensor will determine
the sign of the coe±cient of the energy-momentum tensor in the gravitational ¯eld equations.

8 Note that even though it is composedof the Christo®el symbol and its derivative, which are not tensors,
the Riemann tensor is a tensor.

9 For proof, seefor instance Landau and Lifshitz [5].
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By contracting indices on the Riemann tensorswe obtain somenew useful tensors.Con-
tracting the ¯rst and third index we obtain a rank two tensor, known as the Ricci tensor,

R¹½ ´ g¸º R¸¹º ½: (3.27)

From equation (3.24) it is easily seenthat the Ricci tensor is symmetric,

R¹½ = R½¹:

If we contract the indicesof the Ricci tensor, we are left with a scalar.This is the scalar
curvature,

R ´ g¹½R¹½ = g¹½g¸º R¸¹º ½: (3.28)

This scalar will prove to be vital in the development of general relativit y since it, as a
scalar, is invariant under coordinate transforms, and not only transforms covariantly as
generaltensorsdo.

3.5 The Einstein equations

We will obtain the equationsfor the gravitational ¯eld by the variational principle. The
requirement that the action should be extremal givesthe condition that

±(Sg + Sm ) = 0; (3.29)

whereSg and Sm are the actions for the gravitational ¯eld and for matter, respectively.

The action for the gravitational ¯eld should depend on the metric, giving the form

Sg =
1

2·

Z
L g

p
¡ g d4x; (3.30)

where· is a constant to be determinedfrom the condition that the ¯eld equationsshould
reduce to Newton's law in the weak ¯eld limit. L g must be a scalar in order to be in-
variant under transformations.As observed earlier, the gravitational e®ectsare completely
determined by the metric tensor end derivatives thereof. ThereforeL g should depend on
nothing more. The simplest choiceof a scalardependent on the metric and its derivatives
is the Ricci scalar,R. In addition to the Ricci scalarwe can add a constant term, ¤. This
is the so-calledcosmologicalconstant. The action for the gravitational ¯eld is then given
as10

Sg =
1

2·

Z
(R ¡ 2¤)

p
¡ g d4x: (3.31)

10 SinceR dependsnot only on the metric and its ¯rst derivative, but also on the secondderivative of g¹º ,
this action integral is not strictly correct. However, upon variation the problematic terms canceland will
consequently not causeany trouble. For a more detailed discussionof this problem, see[5].
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Similarly, for matter the action is given by

Sm =
Z

L m
p

¡ g d4x; (3.32)

whereL m is the Lagrangiandensity of matter and energy.

The variation of Sg yields

±Sg =
1

2·

Z ©
±(g¹º R¹º

p
¡ g) ¡ 2¤±

p
¡ g

ª
d4x

=
1

2·

Z ©
g¹º p

¡ g±R¹º + R¹º ±(g¹º p
¡ g) ¡ 2¤±

p
¡ g

ª
d4x

=
1

2·

Z µ
R¹º ¡

1
2

R g¹º + ¤g¹º

¶
±g¹º p

¡ g d4x; (3.33)

wherewe have used±
p

¡ g = ¡ ±g
2
p

¡ g = ¡ 1
2

p
¡ gg¹º ±g¹º . In the secondline, the term in the

integrand containing ±R¹º can be written as a total derivative [5], and henceit gives no
contribution after integrating over all of space-time.

The variation of Sm yields [5]

±Sm =
Z ½

(@
p

¡ gL m )
@g¹º

±g¹º +
(@

p
¡ gL m )

@(@g¹º =@x¸ )
±

µ
@g¹º

@x¸

¶¾
d4x

=
Z ½

@(
p

¡ gL m )
@g¹º

¡
@

@x¸

µ
@(

p
¡ gL m )

@(@g¹º =@x¸ )

¶¾
±g¹º d4x

´
1
2

Z
T¹º ±g¹º p

¡ g d4x; (3.34)

sincethe matter Lagrangianin generaldependsboth on the metric and its derivative. Note
also that a total derivative is discardedwhen going to the secondline sincethis will not
contribute after the integration.

The tensor T¹º given by

T¹º =
2

p
¡ g

½
@(

p
¡ gL m )
@g¹º

¡
@

@x¸

µ
@(

p
¡ gL m )

@(@g¹º =@x¸ )

¶ ¾
(3.35)

is the energy-momentum tensor of the systemdescribed by the LagrangianL m .

Combining (3.33) and (3.34) we ¯nd the Einstein equations

R¹º ¡
1
2

g¹º R + ¤g¹º = ¡ ·T ¹º : (3.36)
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Contracting the indices in (3.36) we ¯nd R = ·T + 4¤ where T ´ T ¹
¹ . Using this, the

Einstein equationscan be written

R¹º = ¡ · (T¹º ¡
1
2

Tg¹º ) ¡ ¤g¹º : (3.37)

To determine the constant · , we require equation (3.37) to reduceto Newton's equation
of gravit y when the curvature of space-timeis small and all velocities involved are much
smaller than the speedof light. We alsoset the cosmologicalconstant equalto zero,¤ = 0.
The action integral for a non-relativistic particle in the weak ¯eld limit is [5]11

S = ¡ mc
Z µ

c ¡
v2

2c
+

Á
c

¶
dt; (3.38)

where Á is the Newtonian potential of gravitation. Comparing this with the expression
S = ¡ mc

R
d¿, with d¿2 = g¹º dx¹ dxº , we ¯nd

d¿ =
µ

c ¡
v2

2c
+

Á
c

¶
dt: (3.39)

By squaringthis equation and discarding terms which vanish when c ! 1 we ¯nd

d¿2 = (1 + 2Á=c2)c2dt2 ¡ dr 2; (3.40)

where we have used vdt = dr . We therefore conclude that in the weak ¯eld limit
g00 ' (1 + 2Á=c2). Thus, using the Poissonequation for the gravitational ¯eld; r 2Á =
4¼GN ½,

r 2g00 '
2
c2

r 2Á =
8¼GN

c2
½; (3.41)

where½is the massdensity which is the sourceof the potential.

Sincewe are now consideringweak ¯elds, the terms in the Ricci tensor, (3.27), quadratic
in the Christo®el symbol can be neclected.In the non-relativistic limit we can further
neglectall time derivativessincethe factor 1=c will make them small comparedto space
derivatives.Hence,in the non-relativistic limit we ¯nd

R00 '
1
2

@2g00

@x¹ @x¹
' ¡

1
2

r 2g00: (3.42)

Also in the non-relativistic, weak¯eld limit, we have12 T ' T00 ' ½[5]. Using the Einstein
equationson the form (3.37) we ¯nd

R00 = ¡ ·
µ

T00 ¡
1
2

Tg00

¶
' ¡

·
2

½: (3.43)

11 We will here explicitly include the speed of light, c, to make the non-relativistic approximations more
apparent.

12 No longer explicitly including c.
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Comparing equations (3.41), (3.42) and (3.43), we ¯nd · = 8¼GN . Thus the Einstein
equationscanbe written in its ¯nal form, wherewe have include the cosmologicalconstant
again,

R¹º ¡
1
2

g¹º R + ¤g¹º = ¡ 8¼GN T¹º : (3.44)

Contracting the Bianchi identit y, (3.26), we ¯nd

0 = g¹
¾g¸º (R¾

¸¹º ;½+ R¾
¸½¹ ;º + R¾

¸º ½;¹ )

= g¸º (R¸º ;½¡ R¸½;º + R¹
¸º ½;¹ )

= R;½¡ Rº
½;º ¡ R¹

½;¹ ;

or

R¹
º ;¹ =

1
2

@R
@xº

; (3.45)

wherewe have usedthe fact that covariant di®erentiation is equivalent to normal di®eren-
tiation for scalars.

Inserting (3.45) into equation (3.44) and using g¹º ;¸ = 0 we ¯nd

T ¹
º ;¹ = 0 (3.46)

asa consequenceof the Einstein equations.Since(3.46), expressingthe conservation law of
energyand momentum, contains the equationsof motion of the physical systemto which
the energy-momentum tensorunder considerationrefers,the equationsof the gravitational
¯eld also contain the equations for the matter which produces the ¯eld. Therefore the
distribution and motion of matter producing the gravitational ¯eld cannot be assigned
arbitrarily , but must alsobe determinedwhen solving the equations.

3.6 Vierb eins

The formalism for general relativit y as presented so far only works for objects which
transform astensorsunder Lorentz transformations.Both scalarsand vectorsare included
herein.But wewill alsohave to considerspinor ¯elds, and they do not transform astensors.
To facilitate the inclusion of spinorswe introduce a new kind of object, ea

¹ , through the
relation

g¹º = ea
¹ (x)eb

º (x)´ ab; (3.47)

where

ea
¹ (X ) ´

µ
@yX

a(x)
@x¹

¶

x= X

; a; ¹ = 0; 1; 2; 3: (3.48)
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Here yX
® is a set of coordinates locally inertial at X . Sincethe coordinates yX

® are ¯xed
for each point X , ea

¹ transforms as

ea
¹ (x) ! e0a

¹ (x0) =
@xº

@x0¹
ea

º (x) (3.49)

under a transition from coordinates x ¹ to x0¹ . Observe that (3.49) is not the usual trans-
formation law for tensors.Rather, ea

¹ forms four covariant vector ¯elds. This set of four
vectors is known as a vierbein or a tetrad.

Using the vierbein, we can refer the components of any contravariant vector A ¹ (x) at X
to the locally inertial coordinate systemyX

a by

¤Aa = ea
¹ A ¹ : (3.50)

In e®ectthe vector ¯eld is replacedby four scalars,denoted¤Aa, a = 0; 1; 2; 3. Similarly,
covariant vector ¯elds and tensorscan be replacedby a set of scalarsusing the vierbein.
For covariant vector ¯elds, we use

eb
º = ´ abg¹º ea

¹ ; (3.51)

which transforms as

eb
¹ (x) ! e0

b
¹ (x0) =

@x0¹

@xº
eb

º (x): (3.52)

Note that the ¯rst index is lowered using the Minkowski tensor ´ ab, whereasthe second
index is raisedusing the metric tensor g¹º .

Using this formulation, the action should depend only on scalars,and not on the vectors
and tensors from which the scalarsare produced. Also, spinor ¯elds can be included on
equal footing by transforming them into a set of scalarsin the sameway.

The matter action should now be constructed so as to meet two invarianceprinciple, in-
steadof only oneas we usedpreviously. Thesetwo principles are:

² The action must be generallycovariant, with all ¯elds treated as scalarsexcept for the
tetrad itself.

² Special relativit y should apply in locally inertial frames,and it should make no di®erence
which locally inertial frame we chooseat each point.

Now, consideringa Lorentz transformation ¤ a
b(x), an arbitrary ¯eld ¤Ãn (x) transformsac-

cording to [4]
¤Ãn (x) !

X

m

[D(¤( x))]nm ¤ Ãm (x); (3.53)

whereD(¤( x)) is a matrix representation of the Lorentz group. This transformation rule
works both for Lorentz scalars,Lorentz tensorsand Lorentz spinors.Thus we now have a
framework wherespinorsare treated in the samemanner as scalarsand tensors.
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To usethe variational principle, we needto study how the objects involved changeunder
a coordinate transformation. Sinceall objects, save the vierbeins themselves,are coordi-
nate scalars,we only have to study the impact of variation on vierbeins and scalars.An
in¯nitesimal coordinate transformation,

x¹ ! x0¹ = x¹ + " ¹ (x);

wherej" ¹ j is very small, changesthe vierbein, ea
¹ , by the amount

±ea
¹ (x) ´ e0

a
¹ (x) ¡ ea

¹ (x)

= e0
a

¹ (x0¡ " ) ¡ ea
¹ (x)

= e0
a

¹ (x0) ¡
@e0

a
¹ (x0)

@x¸
" ¸ (x) ¡ ea

¹ (x)

= ea
º (x)

@x0¹

@xº
¡

@
@x¸

µ
@x0¹

@xº
ea

º (x)
¶

" ¸ (x) ¡ ea
¹ (x)

= ea
º (x)

@" ¹ (x)
@xº

¡
@ea

¹ (x)
@x¸

" ¸ (x): (3.54)

Under the samecoordinate transformation a coordinate-scalar¯eld, Ã(x), changesby the
amount

±Ã(x) ´ Ã0(x) ¡ Ã(x)

= Ã0(x0¡ " ) ¡ Ã(x) (3.55)

= ¡
@Ã(x)
@xº

" º (x): (3.56)

Vielbeins

When applying this theory in more than four space-timedimensionsthe conceptof vier-
beinsneedsto be generalised.The generalisationis straightforward; let (3.48) become

ea
M (X ) ´

µ
@yX

a(x)
@xM

¶

x= X

: a;M = 0; 1; : : : ; D ¡ 1 (3.57)

such that we get a set of D covariant vector ¯elds. We call the set ea
M a vielbein. The

transformation law for the vielbeins is given by

ea
M (x) ! e0a

M (x0) =
@xN

@x0M
ea

N (x): (3.58)
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3.7 Quan tum gravit y?

General relativit y as described above is a classical ¯eld theory. To incorporate general
relativit y into the Standard Model, it will have to be quantised. This proves,however, not
to be straightforward. A canonicalquantisation of gravit y leads to a non-renormalisable
theory.

One possibleway to deal with this problem is to work in terms of e®ective ¯eld theories.
Rather than trying to construct a complete,renormalisablequantum theory of gravit y, we
can avoid the divergencesby using an ultraviolet cuto®. This way we can hope to get a
theory which givescorrect predictions when applied to low energyphenomena,but which
cannot give any high energypredictions.





Chapter 4

Extra Dimensions

We are usedto think of our world as four-dimensional,having three spatial and one tem-
poral dimension.But Kaluza put this \obvious" fact asideand asked whether there could
be an extra, unseendimension.By solving the Einstein equationsin ¯v e dimensionsrather
than four, and letting the extra dimension be accessibleonly to gravit y, Kaluza showed
that not only the equations of gravit y come out, but also the equations of electromag-
netism. This is of courseby no meansa proof that an extra dimension exists, but it is
a very interesting result which makes a more thorough study of this apparently bizarre
idea worthwhile. Further hints that the idea of extra dimensionsare worth consideringare
provided by superstring theory. This theory, which presently is the only candidatetoward a
uni¯cation of the StandardModel and generalrelativit y, requires10dimensions,or perhaps
even 11 in the context of M-theory, to be self-consistent.

But sinceour world \obviously" hasfour dimensionsonly, how canthesetheoriesintroduc-
ing extra dimensionsmake any sense?The standard solution to hide the extra dimensions,
¯rst proposedby Oskar Klein, is compacti¯cation, i.e. the extra dimensionsare thought
to be curled up to such a small extent that they cannot be observed. But even with this
explanation of why we do not seethe extra dimensions,the concept is di±cult to give an
intuitiv e, physical meaning.The closestwe can get is probably a lower-dimensionalanal-
ogy;a long, thin tubeviewedfrom a distanceappearsonedimensional|the only dimension
being length. But a closer look reveals that it also has a ¯nite circumference.Moreover,
the circumferenceis periodic, meaningthat moving in that direction can take us back to
wherewe started from without turning around and go back the way we came.1

Conventionally extra dimensionshave been supposedto be compacti¯ed to order of the
Planck scale,i.e. about 10¡ 35 m, but the last few yearsa seriesof new scenariosinvolving
considerablylarger extra dimensionshave beenproposed.Thesenew scenarioshave one
big advantagecomparedto the older ones;whereaswemay probably never beableto probe

1 Note that this analogy is not perfect; the \tub e universe" exist in a four dimensional space-time,while
we really want to discussa 4+± dimensional universe which does not rely on some higher dimensional
space-time.

35
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distancesas short as 10¡ 35 m, the new scenariosprovide predictions which can be tested
in the next generationof particle colliders.

4.1 The ADD scenario

The ¯rst of thesenew scenariosinvolving large extra dimensionswas proposedby Nima
Arkani-Hamed, Savas Dimopoulos and Gia Dvali [6] in 1998. The main motivation for
their scenariowasthe so-calledhierarchy problem. The hierarchy problem is an important
obstaclein the search for a theory which uni¯es gravit y with the other fundamental forces.
The problem is that while each force has its characteristic energyscale,the gap between
the scaleof gravit y and the scaleof the other forcesis enormous.In fact, the electroweak
scalemE W is about 103 GeV while the characteristic scalefor gravit y, the Planck scale,
MP , is about 1019 GeV.

What Arkani-Hamed,Dimopoulosand Dvali realisedwas that the Planck scalemay after
all not bethe proper scalefor gravit y. If thereexist extra, compacti¯ed dimensions,then the
four-dimensionalPlanck scalewould only be a derived scale,and the truly fundamental
scalewould be the Planck scaleof the full-dimensional space,M D . Moreover, the full-
dimensional Planck scalewould be smaller than the four-dimensionalPlanck scaleby a
factor proportional to the volume of the compacti¯ed dimension.This meansthat if the
compacti¯cation volume is allowed to be large enough,the fundamental scaleof gravit y
could be brought down from its supposedenormousvalue to the sameorder as the scale
of the gaugeforces.

For the sake of simplicity all the extra dimensionsare normally taken to have the same
compacti¯cation radius, R, thus they constitute a °at torus. This assumptionmay very
well prove to be too simple, but it makes the calculations more tractable and we may
expect to at least derive somegenericproperties of theorieswith large extra dimensions.

To derive the relationship betweenthe four-dimensionalPlanck scaleand the D = 4 + ±
dimensionalPlanck scale,considertwo test masses,m1 and m2, within a distancer ¿ R.
Using Gauss' law we ¯nd that they feel a gravitational potential

V(r ) »
m1m2

M ±+2
D

1
r ±+1

: (4.1)

Equation (4.1) shows that on distancesshorter than the compacti¯cation radius, the grav-
itational attraction grows faster then what standard four-dimensionalgravit y predicts.

If we on the other hand place the massesat a distance r À R the extra dimensionsare
not accessible,and we ¯nd a normal 1=r potential,

V(r ) »
m1m2

M ±+2
D R±

1
r

: (4.2)
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But weknow that on macroscopicdistancesgravit y is describedby the Newtonianpotential

V(r ) »
m1m2

M 2
P

1
r

: (4.3)

Thus to have a consistent theory, we must require (4.2) and (4.3) to be the same for
distancesr À R. From this we seethat the e®ective four-dimensionalPlanck scaleis

M 2
P » M ±+2

D R±; (4.4)

which demonstratesthat the proportionalit y factor betweenthe four-dimensionaland the
full-dimensional Planck scalesessentially is the compacti¯cation volume of the extra di-
mensions.

If we now take M D » mE W , we ¯nd that the spatial radius of the extra dimensionsis

R » 10
30
± ¡ 19 £

µ
1TeV
mE W

¶ 1+ 2
±

m: (4.5)

If we for instance put ± = 1 we ¯nd that the required size of the extra dimensionsis
R » 1011 m. According to M-theory, the number of space-timedimensionsis 11. Taking all
seven compactdimensionsto be large, this would correspond to a compacti¯cation radius
of R » 10¡ 15m.

We seethat the compacti¯cation radii suggestedhereare gigantic comparedto the earlier
assumedsize of extra dimensions.In fact they are so large that one should presumably
expect them to be in con°ict with to existing data.2 Apparently this would render the
scenariouseless,but there is a loophole; the experimental data for gravit y do not by far
match those of the gaugeforces.In fact, gravit y is only probed accurately down to little
lessthan 1 mm. So if the extra dimensionsare only accessibleto gravit y, this can explain
why the e®ectsare not seenso far, while at the sametime leaving the above discussionof
the fundamental scaleof gravit y true.

The case± = 1 will have to be discarded even if only gravit y propagates in the full
dimensionalspacesince1011m is such a large compacti¯cation radius that even on solar
system distancesthe gravit y would have been changed.But if we go to the case± = 2
we ¯nd R » 100¹ m which is not ruled out by gravitation data. The ADD scenariowith
only two extra dimensionsis, however, disfavoured by astrophysical observations. This is
becausesuch large extra dimensionsimply, as discussedbelow, the existenceof very light
Kaluza-Klein excitations of the graviton which may give a too large contribution to the
cooling of supernovae.Increasingthe number of extra dimensionreducestheseconstraints,
and is thus favourable.

2 The highest energycollider experiments have a resolution of about 10¡ 18m.
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4.1.1 Kaluza-Klein states in the ADD scenario

Using curled up dimensions imposesperiodic boundary conditions on the ¯elds which
propagatein thesecompactdimensions.Explicitly , the gravitational ¯eld must satisfy

Ã(x; y) = Ã(x; y + 2¼R); (4.6)

wherex refersto the coordinatesin the 3+1 extendeddimensions,y the coordinatesin the
compacti¯ed, extra dimensionsand R is the compacti¯cation radius. Consideringa free
particle solution with momentum p = f px ; pyg,

Ã(x; y) = eip x xeip y y;

the periodicity in the extra dimensionsimposesthe quantisation condition

p2
y =

~n2

R2
; ~n = (n1; n2; : : : ; n±) ni = 0; 1; 2; : : : (4.7)

on the momentum py. Sincewe arenot able to observe the propagationin the extra dimen-
sions,the momentum in thesedimensionsappearsto us as a mass.Thus the propagation
of gravitons in compacti¯ed dimensionsgivesrise to an equidistant spectrum of apparently
massive graviton states. This spectrum is referred to as a Kaluza-Klein tower. Further,
sinceR is supposedto be large, the splitting between the states can be so small that it
looks almost like a continuum. This large number of excitations give the solution to the
hierarchy problem|eac h gravitational mode still couplesto the Standard Model ¯eld pro-
portional to M

¡ 2
P , but the number of modes is so large that their combined contribution

becomessizable.

The large size of the compacti¯cation radius also implies that the ¯rst excited graviton
statesarevery light. This is exactly why the ADD scenariowith only a fewextra dimensions
is so strongly constrainedby astrophysical observations.

4.2 The Randall-Sundrum scenario

Another scenarioproposedto solve the hierarchy problem, which is quite distinct from the
ADD scenario,was proposedby Lisa Randall and Raman Sundrum [7] about a year af-
ter the initial paper from Arkani-Hamed,Dimopoulosand Dvali. While the ADD-scenario
required two or more extra dimensionsto be consistent with existing data, the scenario
proposedby Randall and Sundrum (RS)3 introducesonly one new dimension.The setup

3 Randall and Sundrum actually proposedtwo di®erent versionsof their scenario,referred to as RS I and
RS II. Although the RS I I scenariocan give an interesting modi¯cation of gravit y, possibly allowing for
signals in sub-millimetre gravitational experiments, it does not provide a reformulation of the hierarchy
problem [8]. Therefore we will only consider the RS I scenariohere, and simply refer to it as RS.
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is not that of standard compacti¯ed dimensions,though. Instead Randall and Sundrum
introduceda space-timewith two (3+1)-dimensional branesseparatedin the ¯fth dimen-
sion. The space-timeis assumedto be of a non-factorisablenature, with a metric on the
form

ds2 = e¡ 2kr cÁ´ ¹º dx¹ dxº ¡ r 2
cdÁ2; (4.8)

wherex are the coordinatesof the (3+1) dimensionson the branes,and ¡ ¼· Á · ¼is the
coordinate of the extra dimension.The sizeof the extra dimensionis set by the parameter
r c which is the \compacti¯cation radius" of the extra dimension.The parameter k is the
curvature of the bulk. To make the theory consistent for low energiesit is required that
the curvature is not too large; k=M P should not be larger than about 0.1 [8].

In this setupfour-dimensionalmassscalesaredeterminedby ¯v e-dimensionalinput param-
eters and the warp factor e¡ 2kr cÁ. Sincethe warp factor givesan exponential dependence
on the extra dimension,a largehierarchy can be generatedeven without a very largevalue
of r c. Actually, with k in the above-mentioned rangeand kr c » 11¡ 12,which we will show
is the condition for the scenarioto be a solution to the hierarchy problem, r c is only two
or three ordersof magnitude larger than the four-dimensionalPlanck length.

Space-timeis now described by two (3+1)-dimensional branesembeddedin (4+1) dimen-
sions.Sincethe ¯fth dimensionis taken to be ¯nite, boundary conditionsmust bespeci¯ed.
Let thereforethe ¯fth dimensionbe periodic with (x; Á) and (x; ¡ Á) identi¯ed. On the 3-
braneswe let (3+1)-dimensional ¯eld theories reside,and they couple to the bulk metric
accordingto:

gvis
¹º (x) = GM N (x; Á = ¼); ghid

¹º (x) = GM N (x; Á = 0): (4.9)

The classicalaction describingthis setup is given by [7]

Sgra vit y =
Z

d4x
Z ¼

¡ ¼
dÁ

p
¡ G

¡
¡ ¤ + 2M 3R

¢
(4.10)

Svisible =
Z

d4x
p

¡ gvisible (L visible ¡ Vvisible ) (4.11)

Shidden =
Z

d4x
p

¡ ghidden (L hidden ¡ Vhidden ) ; (4.12)

whereG ´ detGM N ; M is the ¯v e-dimensionalPlanck scaleand ¤ the cosmologicalcon-
stant. Note that R in equation (4.10) is the Ricci scalar and not somecompacti¯cation
radius.

It can be shown that (4.8) is a solution to the ¯v e-dimensionalEinstein equationsgiven
the action integrals above [7], and due to the identi¯cation of (x; Á) with (x; ¡ Á), we need
only consider0 · Á · ¼. The metric can then be put in its ¯nal form:

ds2 = e¡ 2kr c jÁj´ ¹º dx¹ dxº ¡ r 2
cdÁ2; (4.13)
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In one sensethe RS scenariosolves the hierarchy problem in a more beautiful way than
the ADD scenario; the ADD scenarioremoves the gap between the gravitational scale
and the electroweak scale,but in doing so a new hierarchy is introduced|b etween the
electroweakscaleand the compacti¯cation scale.In the RS scenariono such newhierarchy
is introduced.

4.2.1 Kaluza-Klein states in the RS scenario

In the ADD scenariowe found an equidistant spectrum of Kaluza-Klein states,with such a
small spacingthat it almost resemblesa continuum. Also in the RSscenariowe¯nd Kaluza-
Klein excitations,but the spectrum is very di®erent. First of all, dueto the extra dimension
being strongly curved, the spectrum is no longerequidistant, and the separationsbetween
the excitation levels are large enoughfor them to be observed as individual resonances.
The massesof the excitations are given by [9]

mn = kxne¡ kr c¼ =
xn

x1
m1; (4.14)

where xn are the roots4 of the Besselfunction of order 1. Secondly, whereasthe ADD
scenariowill havelight graviton excitations,typical valuesof the parametersin this scenario
give a massof order a TeV for the ¯rst graviton excitation. This excitation scaleis large
enoughto not have the scenarioconstrainedby astrophysical observation, but should still
be within reach of discovery in the next generationof collider experiments.

As shown in [9], expanding the graviton ¯eld into Kaluza-Klein states the Lagrangian is
found to be

L = ¡
1

M P
T ¹º (x)h(0)

¹º (x) ¡
ekr c¼

M P

1X

n=1

T ¹º (x)h(n)
¹º (x): (4.15)

whereh(n)
¹º is given by the expansionof the metric:

g¹º = e¡ 2kr c jÁj

Ã

´ ¹º +
2

M
3=2
P

1X

n=0

h(n)
¹º (x)

Â(n)(Á)
p

r c

!

: (4.16)

Thus, only the masslesszero mode is suppressedby M
¡ 1
P , while all massive Kaluza-Klein

statesareonly suppressedby ekr c¼M
¡ 1
P which is of order the weakscaleif we take kr c to be

about 11 or 12. Sincewe have a spectrum of individual resonancesin the RS scenario,we
needto know not only the position of each peak,but alsotheir widths. As usual the width
is given as a sum of all partial widths which themselves are determined by the relevant
decay channels.A massive Kaluza-Klein graviton can decay to masslessgravitons, lighter
Kaluza-Klein states or a pair of Standard Model particles. The Standard Model decay
modesare, if kinematically allowed, ° ° , f ¹f , W + W ¡ , Z 0Z 0 and H H .

4 The ¯rst roots are 3.83, 7.02, 10.17and 13.32.
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As will be shown in Section 4.6, only spin-2 Kaluza-Klein states contribute in collision
processesif we assumeall particles in the initial and ¯nal statesto be massless.Sincethis
assumptionwill be made in the calculations in this thesis, we will here only considerthe
decay widths of spin-2 Kaluza-Klein states.

The decay widths are [10]:

¡( ~h ! ° ° ) =
x2

nmn

80¼

µ
k

M P

¶ 2

(4.17)

¡( ~h ! gg) =
x2

nmn

10¼

µ
k

M P

¶ 2

(4.18)

¡( ~h ! WW) =
x2

nmn

40¼

µ
k

M P

¶ 2

(1 ¡ 4rW )1=2
µ

13
12

+
14
39

rW +
4
13

r 2
W

¶
(4.19)

¡( ~h ! ZZ) =
x2

nmn

80¼

µ
k

M P

¶ 2

(1 ¡ 4rZ )1=2
µ

13
12

+
14
39

rZ +
4
13

r 2
Z

¶
(4.20)

¡( ~h ! q¹q) =
3x2

nmn

160¼

µ
k

M P

¶ 2

(1 ¡ 4rq)
3=2

µ
1 +

8
3

rq

¶
(4.21)

¡( ~h ! ` ¹̀) =
x2

nmn

160¼

µ
k

M P

¶ 2

(1 ¡ 4r ` )
3=2

µ
1 +

8
3

r `

¶
(4.22)

¡( ~h ! H H ) =
x2

nmn

480¼

µ
k

M P

¶ 2

(1 ¡ 4rH )5=2 (4.23)

wherer i = (mi =mn )2.

If we assumethe Kaluza-Klein excitations to be heavy enoughto neglectmasse®ects,the
total width can be written

¡ n =
°G

10¼
x2

nmn

µ
k

M P

¶ 2

(4.24)

with
°G = ° ° + °g + °W + °Z + °q + ° ` + °H ;

and
° ° = 1

8 °g = 1 °W = 13
48 °Z = 13

96

°q = 9
16 ° ` = 3

16 °H = 1
48

Here we have taken the number of accessiblelepton and quark °avours to be 6.

In calculating the width of the Kaluza-Klein excitations, we have neglectedthe possibility
of decay to lower Kaluza-Klein states. Due to the massesof the excitations, the third
excitation is the lightest state which can decay this way.
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4.3 Other scenarios

For completenesswe will herebrie°y mention other scenarioswith large extra dimensions.
Following the proposalof the ADD and RS scenarios,a seriesof other scenarioswith large
extra dimensionswere proposed. These scenarioscan be organised into two categories
depending on whether the geometryof the spaceis factorisable,like in the ADD scenario,
or non-factorisablelike in the RS scenario.

A further classi¯cation canbe doneon the basisof which ¯elds areable to propagatein the
bulk. In the original ADD scenarioonly gravitons can propagatein the bulk, whereasall
Standard Model ¯elds are con¯ned to the brane. Taking the compacti¯cation scaleto be
of order TeV,5 experimental data do not rule out the possibility of Standard Model ¯elds
propagating in the bulk. Theorieswhereall particles are allowed to propagatein the extra
dimensionsare often referred to as theorieswith universal extra dimensions[11]. In such
scenariosKaluza-Klein towers of the Standard Model bosonswill contribute to the cross
sectionin a manner similar to that of Kaluza-Klein gravitons.

Also the RS scenariocan be extendedto allow for Standard Model ¯elds in the bulk since
the compacti¯cation radius is assumedto be small. Such an extension will give rise to
Kaluza-Klein excitations of Standard Model particles as well as of gravitons.

Another versionof the RS scenariois obtainedby assumingthat the StandardModel ¯elds
live on the braneat y = 0 while the other brane is taken o®to in¯nit y. This setupdoesnot
provide a solution to the hierarchy problem, but canstill possiblygive rise to experimental
signalsin sub-mm gravitational experiments.

4.4 Exp erimen tal signals

Thesenovel extra-dimensionaltheoriesare not only interesting from the purely theoretical
reasonthat they may help solve the hierarchy problem. They also have the interesting
feature that, in contrast to the standard extra-dimensional scenarios,there is hope for
experimental veri¯cation in the near future.

There are several ways in which e®ectsof extra dimensionscan manifest themselves. A
traditional approach to probe gravit y on short distancesis by torsion pendulums.If we are
able to do such an experiment on distancessmaller than the compacti¯cation radius of the
extra dimensions,we would expect to seethat gravit y no longer shows a 1=r2 force law
behaviour, but rather 1=r2+ ±. Experiments so far have shown no deviation from the 1=r2

force law. The current upper limit on the extra dimensionsfrom thesesearchesis 218¹m
[12]. Due to the problem of avoiding interferencefrom electromagneticforcesat such short

5 Note that this compacti¯cation scaleis still very much smaller than the Planck scale.
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distances,there is not much hope to probe signi¯cantly smaller distancesthrough this
approach, so we will probably have to rely on someother signals.

Probably the best approach in searching for extra dimensionsis through collider experi-
ments. Possiblesignalsare lossof energydue to particles which escape into the bulk, and
modi¯ed crosssectionsdue to new channels through which interactions can take place.
Here we will consideronly scenarioswhere gravitons can propagate in the bulk, but ef-
fects similar to most of those discussedcan also be seenin scenarioswith more particles
propagating in the bulk.

The modi¯cation of crosssectionscan be divided into two classes|enhanced total cross
sectionsand altered angular distributions. Of coursethese two e®ectscan, and in most
caseswill, both be present, but oneor the other may be more favourable to look for.

Since gravitons couple to matter proportional to 1/ M
2
P , their contributions in collision

processesare vanishingin comparisonwith the other forcecarriers.But aswe have seen,if
short distancegravit y behavesaccordingto the ADD scenarioor the RS scenario,rather
than the simple extrapolation of macroscopicgravitation, there might after all be sizable
contributions in microscopicprocessesfrom gravit y also. If the e®ectis large enoughwe
should detect an enhancement of the total crosssection.

Even if we are not able to detect an enhancement of the total crosssection, there may
be a detectablechangein the angular distribution. The Standard Model interactions are
mediated by vector particles, i.e. spin-1 particles, whereasthe graviton is a spin-2 parti-
cle and will thereforeproduce a di®erent angular distribution. Detection of this modi¯ed
angular distribution has the additional advantage of being peculiar to exchangeof a spin
two particle|new resonancescan be produced by for instancesupersymmetric particles,
but the e®ectson the angular distribution of a spin-2 particle cannot easily be mimicked
by other e®ects.

4.5 Present constrain ts

The constraints on the sizeof the extra dimensionsarenaturally strongly model dependent.
If we focus solely on the scenarioswheregravit y is the only ¯eld propagating in the full-
dimensionalspace,the constraints are in generalnot very strict.

The strongestconstraints on the sizeof the extra dimensionsare for most scenariosgiven
by astrophysical and cosmologicalobservations. This doesin particular apply to the ADD
scenariowith only a few extra dimensions.If the number of dimensionsis higher, the
lightest Kaluza-Klein excitation will be heavier and consequently the boundsweaker. The
absenceof light Kaluza-Klein excitationsin the RSscenarioensuresthat mostastrophysical
and cosmologicalconstraints do not apply to this scenario.
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Also electroweakprecisionmeasurements provide someboundson the sizeof possibleextra
dimensions.Searches for extra dimensionsusing LEP data have provided bounds on the
full-dimensional Planck scaleto be larger than about 1 TeV [13].

4.6 Feynman rules

To be able to do calculations of Kaluza-Klein e®ectswithin perturbation theory we will
needFeynmanrules for the Kaluza-Klein gravitons. The presentation givenherewill follow
the onegiven in [14]. Note that this presentation assumesthe ADD scenario,but most of
the resultswe obtain will alsobe true in the RS scenario.In particular, the structure of all
verticesare the same,but the e®ective coupling constants di®ersincethe expansionsinto
Kaluza-Klein modesare di®erent in the two scenarios.Also the way we do the summation
over the Kaluza-Klein modesdi®ersfor the samereason.

We will start out from the D = 4 + ± dimensionalEinstein equationsgiven by [14]

RM N ¡
1
2

gM N R = ¡
1

M 2+ ±
D

TM N M ; N = 0; 1; : : : ; D ¡ 1 (4.25)

The presenceof the braneon which we live shouldbe expectedto give rise to a non-trivial
background metric. Assumingthat the brane tension is not too large (not exceedingM 4

D ),
the metric should be closeto °at, and a linearisation of the Einstein equations(4.25) will
make sense.We do this by usingan expansionof the metric gM N about its Minkowski value
´ M N ,

gM N = ´ M N + 2M ¡ 1¡ ±=2
D hM N ; (4.26)

in (4.25), and only keepterms of the ¯rst order in h. This producesthe equation [14]

2 hM N ¡ @M @RhRN ¡ @N @RhRM + @M @N hR
R ¡ ´ M N 2 hR

R + ´ M N @R@ShRS = ¡ M ¡ 1¡ ±=2
D TM N :

We then compactify the extra dimensionsby requiring that the ¯elds are periodic under
the translation

yj ! yj + 2¼R j = 1; : : : ; ±

whereR is the compacti¯cation radius. Note that this condition assumesthat all compact
dimensionshavea commoncompacti¯cation radius.The periodicity in the extra dimensions
allows us to expandh in an in¯nite sum of Kaluza-Klein modesh(~n)(x)

hM N (z) =
+ 1X

n1= ¡1

: : :
+ 1X

n±= ¡1

h(~n)
M N (x)
p

V±
ein j yj =R; (4.27)

where~n = (n1; : : : ; n±) and V± is the volume of the compacti¯ed dimensions.
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Assuming that all ¯elds except the graviton ¯eld are con¯ned to the brane at y = 0, the
energy-momentum tensor in equation (4.25) reducesto

TM N = ´ M
¹ ´ N

º T¹º ±(y) ¹; º = 0; : : : ; 3: (4.28)

The scattering amplitude for the s-channel in a graviton-mediated processis

M =
»2

M
2
P

X

~n

·
T¹º

P ¹º ®¯

s ¡ m2
~n + i"

T®¯ +
±¡ 1

3(±+ 2)
T ¹

¹ T º
º

s ¡ m2
~n + i"

¸
; (4.29)

wherethe four-index tensor in the graviton propagator is given by

P ¹º ®¯ =
1
2

(´ ¹® ´ º ¯ + ´ ¹¯ ´ º ® ¡ ´ ¹º ´ ®¯ )

¡
1

2m2
~n

(´ ¹® kº k¯ + ´ º ¯ k¹ k® + ´ ¹¯ kº k® + ´ º ®kº k¯ ) (4.30)

+
1
6

µ
´ ¹º +

2
m2

~n

k¹ kº

¶ µ
´ ®¯ +

2
m2

~n

k®k¯

¶
:

We have here introducedthe model-dependent parameter» to take careof the di®erences
of the Kaluza-Klein expansionin the ADD scenarioand the RS scenario,respectively. In
the ADD scenariothis parameter is simply one, » = 1, implying that all gravitational
modesare strongly suppressed.In the RS scenario» = ekr c¼ except for n = 0 when » = 1.
For a proper choiceof kr c this factor can leave the gravitational modessuppressedonly by
a factor of the weak scaleorder.

The ¯rst term in equation(4.29) represents spin-2exchange,and the secondterm represents
spin-0. Note that the spin-0 contribution only dependson the energy-momentum tensor
through its trace. This implies that for masslessparticles, whoseenergy-momentum tensor
hasvanishing trace, there is only a spin-2 contribution from the graviton exchange.6

The coupling of QED, with masslessfermions, to quantum gravit y is described by the
Lagrangian [14]

L =
p

¡ g
µ

i ¹Ã° aDaÃ ¡
1
4

F¹º F ¹º

¶
(4.31)

Da = ea
¹

µ
@¹ ¡ ieQA ¹ +

1
8

(° b° c ¡ ° c° b)eb
º @¹ ecº

¶
: (4.32)

where ea
¹ are vierbein ¯elds. Greek indices refer to generalcoordinate transformations,

and Latin indicesto Lorentz transformations.From this Lagrangianthe energy-momentum

6 The Kaluza-Klein tower has, in addition to spin-0 and spin-2, also spin-1 contributions, but thesealways
decouplefrom the Standard Model particles.
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tensor becomes[14]

T¹º =
i
4

¹Ã(° ¹ @º + ° º @¹ )Ã ¡
i
4

(@¹
¹Ã° º + @º

¹Ã° ¹ )Ã
(4.33)

+
1
2

eQ¹Ã(° ¹ Aº + ° º A ¹ )Ã + F¹¸ F ¸
º +

1
4

´ ¹º F ¸½F¸½:

Note that the energy-momentum tensoraboveis traceless.Therefore,asalreadymentioned,
there will be no scalarcontribution to the graviton exchange,only the spin-2contribution.
If weintroducefermionmasses,the energy-momentum tensorwill no longerbetracelessand
we will have both scalar and spin-2 contributions. Using this, the interaction Lagrangian
can be written

L = ¡
»

M P
G(~n)

¹º T ¹º (4.34)

whereG(~n)
¹º is the Kaluza-Klein graviton ¯eld with massm2

~n = ~n2=R2.

From equations(4.34) and (4.33) we read o® the Feynman rules. The Feynman rules we
will needare given in ¯gure 4.1. The following abbreviationsare used

W (f )
¹º = (p1 + p2)¹ ° º (4.35)

W (° )
¹º ®¯ =

1
2

´ ¹º (k1¯ k2® ¡ k1¢k2´ ®¯ ) + ´ ®¯ k1¹ k2º (4.36)

+ ´ ¹® (k1¢k2´ º ¯ ¡ k1¯ k2º ) ¡ ´ ¹¯ k1º k2® (4.37)

X ¹º ® = ° ¹ ´ º ® (4.38)

The momenta used,are those in the direction indicated by the arrows.

4.7 Summation over Kaluza-Klein mo des

In addition to the Feynmanrules,we alsoneedto know how to sum over the Kaluza-Klein
modes. In a scattering processwhere a virtual graviton is exchanged, the amplitude is
given by equation (4.29). The part which we will sum over can be factored out:

M = S(s)
·
T¹º P ¹º ®¯ T®¯ +

±¡ 1
3(±+ 2)

T ¹
¹ T º

º

¸
; (4.39)

where

S(s) =
»2

M
2
P

X

~n

1
s ¡ m2

~n + i"
: (4.40)
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G(n)
¹º

f (p1)

¹f (p2)

¡ i»
4M P

h
W (f )

¹º + W (f )
º ¹

i

G(n)
¹º

A®

k1

A ¯

k2

¡ i»
M P

h
W (° )

¹º ®¯ + W (° )
º ¹®¯

i

G(n)
¹º

f

A®

¹f

¡ i»
2M P

eQ[X ¹º ® + X º ¹® ]

Figure 4.1: Feynman rules for QED coupled to quantum gravit y.

Note that the secondfactor in equation (4.39) can be rewritten7

T¹º P ¹º ®¯ T®¯ +
±¡ 1

3(±+ 2)
T ¹

¹ T º
º = T¹º T ¹º ¡

1
±+ 2

T ¹
¹ T º

º ; (4.41)

which demonstratesthat it is independent of the Kaluza-Klein index ~n. This allows us
to do the sum over ~n without further speci¯cation of which processwe are studying.
However, since the Kaluza-Klein spectrum di®erssigni¯cantly in the di®erent scenarios,
the summation must be doneseparatelyfor each scenario.

7 Using the de¯nition of P ¹º ®¯ and k¹ T ¹º = 0 which is equivalent to the energy-momentum having vanishing
divergence.
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4.7.1 ADD

In the ADD scenarioall modes are suppressedby the factor M
¡ 2
P , thus equation (4.40)

simply becomes

S(s) =
1

M
2
P

X

~n

1
s ¡ m2

~n + i"
: (4.42)

Becauseof the large compacti¯cation radius, the separationsof the modesare very small
as can be seenfrom equation (4.7). Indeed, the gaps between the individual resonances
are so small that we should expect the spectrum to appear almost as a continuum. This
suggeststhat the sum can successfullybe approximated by an integral. The integral will
be logarithmically divergent for ± = 2 and power divergent for ± > 2. To regulate these
divergences,an ultraviolet cuto®must be applied.

In the literature we ¯nd three di®erent approaches to this regularisation. We will here
discussthe three di®erent approaches.In Chapter 6 we will comparethe results produced
using the di®erent approachesin calculating the processe+ e¡ ! ¹ + ¹ ¡ ° .

Han, Lykken, Zhang (HLZ)

Following Han, Lykken and Zhang [10] the sum (4.42) can be approximated with the
integral8

S(s) =
1

M
2
P

X

~n

1
s ¡ m2

~n + i"
'

R±

M
2
P

2¼±=2

¡( ±=2)

Z M S

0

m±¡ 1dm
s ¡ m2 + i"

: (4.43)

The ultraviolet cuto®scaleM S is de¯ned by

R±

M
2
P

=
8¼

M ±+2
S

¡( ±
2)

2¼±=2
: (4.44)

The integral in (4.43) can be evaluated to give

I (s) ´
Z M S

0

m±¡ 1dm
s ¡ m2 + i"

= s±=2¡ 1
Z M S =

p
s

0

y±¡ 1dy
1 ¡ y2 + i" 0

= ¡ s±=2¡ 1

"
i¼
2

¡ PV
Z M S =

p
s

0

y±¡ 1dy
1 ¡ y2

#

:

8 Note that in [10] the compacti¯cation radius is de¯ned such that the volume of the extra dimensions
is given by V± = R± whereaswith our de¯nition of the compacti¯cation radius the volume is given by
V± = (2¼R)±. We will usethe latter convention throughout.
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We now needto considereven and odd valuesof ± separately. If ± is even (± ¸ 2) we ¯nd

I (s) = ¡ s±=2¡ 1

2

4 i¼
2

¡ PV
Z M S =

p
s

0

ydy
1 ¡ y2

+
±=2¡ 1X

k=1
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p

s

0
y2k¡ 1

3

5

= ¡ s±=2¡ 1
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+
1
2

ln
µ

M 2
S

s
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¶
+

±=2¡ 1X
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1
2k

µ
MSp

s

¶ 2k
3

5 : (4.45)

If ± is odd (± ¸ 3) we ¯nd

I (s) = ¡ s±=2¡ 1
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s
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5 : (4.46)

Combining all this we ¯nd
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8
>>>><
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(4.47)

Note that if M S À
p

s, S(s) simpli¯es to

S(s) '

8
><

>:

¡ 4¼
M 4

S
ln

³
M 2

S
s

´
± = 2

¡ 8¼
M 4

S

1
±¡ 2 ± > 2

(4.48)

Note alsothat the gravitational parameterused,M S, is not the fundamental, full-dimensional
Planck scaleM D , but a scalewhich supposedlyis of the sameorder.

Giudice, Rattazzi and Wells (GRW)

Also Giudice, Rattazzi and Wells [14] approximate the sum (4.42) with an integral, but
the integral is handled di®erently from what Han, Lykken and Zhang did, and also the
parametersusedare di®erent.
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As shown in [14] S(s) can be written as9

S(s) =

8
>>>><

>>>>:
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¡( ±
2 )

"
³

i¼+ ln s
¹ 2

´
+
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#

± odd, ± ¸ 3

(4.49)

where¹ is the subtraction mass,¤ is an ultraviolet cuto®,presumablyof the orderM D , and
ck are coe±cients which depend on the full quantum theory of gravit y, and will therefore
be taken as unknown. The gravitational parameter usedhere, M D , is the D-dimensional
Planck scalede¯ned by

M 2+ ±
D =

(2¼)±

V±
M

2
P : (4.50)

Assumingthat S(s) is dominated by the term proportional to c1, (4.49) reducesto

S(s) ' ¡
¼±=2

¡( ±
2)

c1
¤ ±¡ 2

M ±+2
D

´ ¡
4¼
¤ 4

T
; ± > 2 (4.51)

Note that by introduction of the parameter ¤ T all dependenceon the number of extra
dimensionsis neglected.Observe also that the neglectedimaginary part of (4.49) has a
factor (

p
s=MD )±¡ 2 relative to the part we kept. Thus the neglectedpart will get moreand

more important when going to higher energies.

Hewett

Hewett [15] doesessentially the sameapproximations asGiudice, Rattazzi and Wells [14].
The main di®erenceis that shenever presents an expressioncorresponding to (4.49), but
only states that S(s) can be given on the form

S(s) = ¡
8¸
M 4

s
; (4.52)

which correspondsto equation(4.51) in the GRW approach. Here¸ is a parameterof order
unity. The possibleweakdependenceof ¸ on the number of extra dimensionsis neglected.
When doing calculations¸ is conventionally taken to be either +1 or ¡ 1.

Comparisonof the approaches

We ¯rst note that in the approximation
p

s ¿ M (where M is the parameterusedin the
particular approach), only Han, Lykken and Zhang keep the dependenceon the number

9 Note that in the case± = 2 there is no contribution from the sum.
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of extra dimension.This dependenceis rather weak, however, so the di®erent approaches
are in fairly good agreement with each other in this low-energyapproximation. Comparing
the gravitational parametersusedwe ¯nd

M s(Hewett)

¯
¯
¯
¯
¸ =+1

= 4

r
2
¼

¤ T (GRW)
(4.53)

= 4

r
2
¼

MS(HLZ)

¯
¯
¯
¯
¯
±=4

:

Note that the formulation of Giudice, Rattazzi and Wells and the oneof Hewett are equiv-
alent if we choosethe parameter ¸ = 1 in Hewett's approach.10 SinceHan, Lykken and
Zhang preserves the dependenceon the number of extra dimensions,it is only for the
special case± = 4 that this formulation coÄ³ncidesexactly with the other two.

If we want to study the crosssectionwhen
p

s is not very small comparedto M , we should
usethe full expressionfor S(s) asgiven by (4.47) or (4.49), respectively. Comparing these
two expressionswe notice that the HLZ approach (4.47) has a logarithmic divergenceatp

s = MS, while there is no such divergencein the GRW approach (4.49). The divergence
is a signal that the theory breaksdown when going to energiescomparableto the gravita-
tional massscale. This breakdown is expectedthough, sincethe theory only was madeas
a low energy, e®ective theory. In (4.49) the divergenceis avoidedby introduction of the co-
e±cients ck which are determinedby the full quantum gravitational theory. Unfortunately,
the presenceof theseunknown coe±cients prevents us from using the full expressionfor
S(s).

4.7.2 RS

In the RS scenariothe massspectrum consistsof a number of individual resonanceswith
massesgiven by equation (4.14). As we noted in Section 4.2.1, the masslesszero mode
is suppressedby M

¡ 1
P while the massive modes are only suppressedby ekr c¼M

¡ 1
P . Thus

neglectingthe strongly suppressedzeromode and letting the sum (4.40) only run over the
massive modes,the factor » becomes» = ekr c¼. We will take kr c ' 12sincethis is the value
which brings the gravitational scaledown to the weak scale,and thus provides a solution
to the hierarchy problem.

The kinematical factor S is then given by

S(s) =
e2kr c¼

M
2
P

X

n

1
s ¡ m2

n + im n ¡ n
(4.54)

10 Remember that according to equation (4.53) there is a factor (2=¼)1=4 between the massscalesused by
Hewett and by Giudice, Rattazzi and Wells. To achieve agreement, the samemassscalemust be usedas
parameter in both approaches.
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with ¡ n given by equation (4.24). The sum should run over all n for which mn is within
the accessibleenergy. We have herereplaced~n by n sincein the RS scenariono more than
oneextra dimensionis considered.

Note that it is essential that the summation over the Kaluza-Klein states is done on the
amplitude level sothat whensquaringthe sum, alsothe interferenceterms will be present.



Chapter 5

Gra viton Induced Bremsstrahlung

We arenow ready to calculatecrosssectionsfor processesinvolving the exchangeof virtual
gravitons. The processwe will study is

e+ e¡ ! ¹ + ¹ ¡ ° :

We will assumeunpolarisedelectronand positron beams,and both beamswill be taken to
have the sameenergy. The crosssectionwill only be calculatedfor unpolarised¯nal states,
meaningthat we are summingover all polarisationsof the ¯nal state particles.

This processis an exampleof a processwheregravitational e®ectsmay be seenin future
e+ e¡ colliders like TESLA [16] or CLIC [17]. Of coursethe crosssection will be much
smaller than that of the corresponding processwithout the bremsstrahlungphoton, since
the extra vertex introducesan O(®) factor.1 Thereforethis processwill not be the primary
way to detect extra dimensions,but it may yield an extra con¯rmation.

A similar process has been investigated for proton-proton collisions at the LHC,
pp ! e+ e¡ ° + X , wheregraviton exchangeis considered[18].

5.1 Feynman amplitudes

Neglectinginitial-state radiation, there areeight tree-level Feynmandiagramscontributing
to the processe+ e¡ ! ¹ + ¹ ¡ ° . The diagramsareshown in ¯gure 5.1.Diagrams(a) through
(d) are the Standard Model processesinvolving photon and Z 0 exchange.Diagrams (e)
through (h) are the new diagramswe get when we also considerthe exchangeof Kaluza-
Klein gravitons.

Using the Feynman rules listed in Appendix B, we can read o® the amplitude for each

1 But on the other hand, also the background will be reduced.
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Figure 5.1: Feynman diagrams for the processe+ e¡ ! ¹ + ¹ ¡ ° where graviton
exchangeis considered.The momenta associated to all external lines are taken
to be in the direction in which the particle moves.
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diagram:

M a =
¡ ie3

s
[¹v(p2)° ®u(p1)]e[¹u(p0

1)°®
¡ (6p0

2+ 6k0)
2(p0

2k0)
6"¤(k0)v(p0

2)]¹

M b =
¡ ie3

s
[¹v(p2)° ®u(p1)]e[¹u(p0

1) 6"¤(k0)
(6p0

1+ 6k0)
2(p0

1k0)
°®v(p0

2)]¹

M c =
¡ ieg2

s ¡ m2
Z + im Z ¡ Z

1
2cosµW

[¹v(p2)° ®(gV ¡ gA °5)u(p1)]e
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2+ 6k0)

2(p0
2k0)
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¡ ieg2
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Z + im Z ¡ Z

1
2cosµW
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(6p0
1+ 6k0)

2(p0
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ie»2

16M
2
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[¹v(p2)f W (e)

®¯ (p1; ¡ p2) + W (e)
¯ ® (p1; ¡ p2)gu(p1)]eP®¯ ¹º (p1 + p2)
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ie»2

4M
2
P (s ¡ m2
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[¹v(p2)f W (e)

®¯ (p1; ¡ p2) + W (e)
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We have hereassumedall fermions to be massless,and we have used(p0
1 + k0)2 = 2(p0

1k0)
and (p0

2 + k0)2 = 2(p0
2k0) which is true for masslessparticlescarrying momenta p0

1, p0
2 and k0.
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The direction of the momenta usedis taken to be in the direction of the physical particles
motion.

5.2 Spin sums

In Chapter 2 wedescribedthe method for calculatingcrosssectionsbasedon a perturbation
expansion.The crosssectionis given by equation (2.19):

d¾= (2¼)4±(4)
³ X

pf ¡
X

pi

´ 1
4E1E2vrel

Y

f

d3pf

2(2¼)3E f
jMj 2; (5.1)

whereM is the Feynman amplitude calculated accordingto the rules given in Appendix
B.

We will assumeunpolarisedbeamsand we will only calculatethe unpolarisedcrosssection.
It will thereforebe necessaryto averageover the beampolarisationsand sumover the ¯nal
state polarisations.The averagingand summing is doneby the replacement

jMj 2 ! X ´
1
4

X

e+ e¡

spin

X

¹ + ¹ ¡

spin

X

°
pol:

jMj 2: (5.2)

The spin sum can be divided into a sum over spin sumscounting contributions from the
di®erent diagramsand their interferences,

X =
X

i;j

X ij =
X

i;j

M (i )M
y
(j ) : (5.3)

Here M i is the Feynmanamplitude corresponding to diagram number i .

Summingover photon polarisation, we ¯nd

X =
1
4

X

e+ e¡

spin

X

¹ + ¹ ¡

spin

M ½M y
¾(¡ g½¾+ terms vanishing by current conservation):

The summation over lepton spins is doneusing2

ur (p)¹ur (p) = 6p
(5.4)

vr (p)¹vr (p) = 6p:

2 Theseare the relations for masslessfermions, and with normalisation given by uy
r us = 2E±r s.
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5.3 Kinematics

We now have the di®erential crosssectionon the form

d¾= (2¼)4±(4) (p0
1 + p0

2 + k0¡ p1 ¡ p2)
1

4E1E2vrel

d3p0
1

(2¼)32E 0
1

d3p0
2

(2¼)32E 0
2

d3k0

(2¼)32! 0
X: (5.5)

To integrate this we should choosea coordinate system.Sincewe are colliding electrons
and positron with equal energy the centre of masssystem coÄ³ncideswith the laboratory
system, and is therefore a natural choice. Integrating over d3k0 using p1 + p2 = 0 and
vrel = jp1j(E1 + E2)=E1E2 = 2, we ¯nd

d¾= ±(E 0
1 + E 0

2 + ! 0¡ 2E)
1

2048¼5E 2E 0
1E 0

2! 0
d3p0

1d3p0
2X jk 0= ¡ p 0

1 ¡ p 0
2
:

It is now convenient to introducea new notation for the vectors involved,

p1 = E(1; p̂); p2 = E(1; ¡ p̂);

p0
1 = x1E(1; p̂0

1); p0
2 = x2E(1; p̂0

2); k0 = x3E(1; k̂0):
(5.6)

The momenta of the outgoing particles must lie in a plane|the event plane.We chooseto
work in a coordinate systemin which the event planecoÄ³ncideswith the x-z planeand the
momentum of the negative muon is along the positive z-axis. As polar angle,we take the
angle between the incoming electron beam and the direction of the negative muon. The
corresponding azimuthal angle is the rotation about the positive z-axis with the x-axis as
reference.

z

y

x

x1Ep̂0
1

Ep̂

µ

'

z

x

x1Ep̂0
1

x3Ek̂0

x2Ep̂0
2

®

¯

Figure 5.2: De¯nition of angles.

The anglesbetweenthe outgoing particles are completelydeterminedwhen we have spec-
i¯ed how the energy is shared. The angles® and ¯ de¯ned in ¯gure 5.2 are connected
through

x3 sin® = ¡ x2 sin¯ ; (5.7)
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and the angle¯ is ¯xed by the relations

x2
3 = x2

1 + x2
2 + 2x1x2 cos̄ ; x1 + x2 + x3 = 2: (5.8)

In addition to the anglesde¯ned above, there is alsoa secondazimuthal angle,Â. This angle
describes the rotation about the beam axis. Since the setup has a cylindrical symmetry
about the beam, there is no dependenceon Â. Thus the integration over this angle will
only give a factor 2¼.

Using thesede¯nitions the di®erential crosssectioncan be rewritten as

d¾= ±(2 ¡ x1 ¡ x2 ¡ x3)
x1x2

2048¼5x3
dx1d' d(cosµ)dx2dÂd(cos¯ )X j

x3=
p

x2
1+ x2

2+2 x1x2 cos¯
:

When integrating over d¯ we must include the Jacobianfrom the delta function,

¯
¯
¯
¯

@
@(cos¯ )

q
x2

1 + x2
2 + 2x1x2 cos̄

¯
¯
¯
¯

¡ 1

=

¯
¯
¯
¯
¯

x1x2p
x2

1 + x2
2 + 2x1x2 cos̄

¯
¯
¯
¯
¯

¡ 1

=
x3

x1x2
:

Thus, integrating over dÂd¯ , we ¯nd

d¾=
1

1024¼4
X dx1dx2d' d(cosµ): (5.9)

The remaining integration cannot be donewithout knowledgeof the exact form of the spin
sum X, due to its dependenceon x1, x2, ' and cosµ.

5.4 Di®eren tial cross section

We ¯rst discussthe crosssectiondi®erential with respect to x1 and x2,

d¾
dx1dx2

=
µ

d¾
dx1dx2

¶

SM
+

µ
d¾

dx1dx2

¶

ED
; (5.10)
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¯
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(Q1 + Q2) ; (5.12)
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with Q1 ´ Q1(x1; x2) and Q2 ´ Q2(x1; x2) given in appendix D.

An interesting observation is that the crosssectiondoesnot have any contributions from
the interferenceof the Standard Model contributions and the extra-dimensional contri-
butions. Sincethe purely extra-dimensionalterms are more strongly suppressedthan the
interferenceterms, this cancellationmay imply that the e®ectof graviton exchangeis too
small to be seenin the total cross section, while the angular distribution may still be
changedto such a degreethat it is observable.

We seefrom the form of Q1 that the Standard Model crosssection divergeswhen x1 !
1 and/or x2 ! 1. The casewhere both x1 and x2 are close to 1 is when the photon
emitted carriesalmost no momentum. To remove this divergencewe needto include also
the corresponding diagram whereno photon is emitted. The other case,when x1 or x2 is
closeto 1 while the other is not, is when the photon is collinear with one of the muons.
This divergenceis causedby the fact that we approximated the muonsto be massless.

The extra-dimensionalcrosssection has the samedivergencesas in the Standard Model,
but in addition there is a divergencewhen x3 ! 1. This divergencecan be traced back to
diagram (g) in ¯gure 5.1. The physical interpretation of x3 ! 0 is that the two muonsare
collinear or one of the muons carries almost no momentum. In both casesmuon masses
must be taken into the calculation to avoid the divergence.

5.5 Angular distribution

We would also like to study the angular dependenceof the crosssection. In accordance
with the choiceof coordinate system,we will study the angular distribution of the negative
muon with respect to the incomingelectron.Also herewewill study the crosssectionbefore
integrating over x1 and x2. The angular distribution is then given by

µ
d3¾

d(cosµ)dx1d x2

¶
=

µ
d3¾

d(cosµ)dx1dx2

¶

SM
+

µ
d3¾

d(cosµ)dx1dx2

¶

int
+

µ
d3¾

d(cosµ)dx1dx2

¶

ED
(5.13)
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where
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Â6:

The functions Âi , which depend on x1, x2 and cosµ, are listed in appendix D.

In addition to the divergencesdiscussedin last section,the crosssectionnow alsodiverges
when x1 ! 0 which can be seenfrom the form of the functions Âi . This divergence,which
appearsboth in the StandardModel and in the extra-dimensionalcontributions, is di®erent
from the others, though. Speci¯cally, this is an artifact of the coordinate systemwe have
chosen|since the z-axis is de¯ned by the direction of the negative muon, the coordinate
systembecomesill-de¯ned when x1 ! 0.

The Standard Model contributions depend on the angleµ through cosµ and cos2 µ, which
is characteristic of a spin-1mediatedscattering.But sincewe have a three-body ¯nal state
we do not simply have a (1 + cos2 µ) angular distribution as is known from two-body ¯nal
state processes.However, all Standard Model terms not proportional to (1 + cos2 µ) vanish
when we integrate over cosµ.

The interferenceterms and the pure extra-dimensionalterms depend on cosµ up to the
power three and four, respectively. This is characteristic for the exchangeof a spin-2 par-
ticle. Using this new angular dependence,there may be hope to detect Kaluza-Klein con-
tributions which are too small to be observed in the total crosssection.



Chapter 6

Numerical Results

We will here use the crosssectionscalculated in the last chapter to produce numerical
results for the processe+ e¡ ! ¹ + ¹ ¡ ° . In order to do so, we will now integrate out the
dependenceon x1 and x2, but becauseof the divergencesdiscussedin the last chapter,
this is not straightforward. The solution we chooseis to imposecuts, so that we do not
integrate over all allowed x1 and x2. We let 0:1 · x1; x2 · 0:9 and 1:1 · x1 + x2 · 1:8.
The latter is equivalent to 0:2 · x3 · 0:9. Remember that x1, x2, and x3 is the fraction
of the centre of massenergy carried by the negative muon, the positive muon and the
photon, respectively. Thus imposingcuts on the valuesof theseamounts to selectingonly
the events whereall ¯nal-state particles are within the corresponding momentum limits.

Sincethe characteristic massscalefor gravit y is an unknown parameter,we do not know a
priori which value shouldbe chosen.Indeed,whenexperimental data is obtained at higher
energy, ¯ts to thesedata will hopefully giveus the appropriatevalue,or at leastput bounds
on it. Until then, the best we can do is to choosevaluesfor the gravitational parameters
which give observable e®ectswithin the scope of next generationof colliders, and extract
the characteristics of the e®ectswhich would be seen.In the ADD scenariowe take the
cut-o® scale,M S, to be the parameter we use. In the RS scenariowe choosethe massof
the ¯rst Kaluza-Klein excitation and the ratio k=M P .

6.1 ADD results

We heregive numerical results in the ADD scenario.We will produceplots within both the
HLZ approach and the Hewett approach1 to comparethem. Sincethere are no Standard
Model{gravit y interferenceterms in the total crosssectionit is su±cient to chooseonesign
of Hewett's ¸ here.But when studying the angular distribution, both ¸ = +1 and ¸ = ¡ 1
must be considered.

1 Sincethe GRW approach is equivalent to the Hewett approach with ¸ = +1 this approach is also included.
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Figure 6.1showsthe total crosssectionfor the processe+ e¡ ! ¹ + ¹ ¡ ° in the ADD scenario
with the gravitational scale2 MS = 1:5 TeV. The three upper lines are the crosssections
for (from above) 2, 3 and 4 extra dimensionsusing the approach of Han, Lykken and
Zhang. The lower solid line is the crosssection using Hewett's approach. We have here
used MS(Hewett) = 4

p
2=¼MS(HLZ) in accordancewith equation (4.53). As expected,

this line starts out closeto the ± = 4 line, but as
p

s grows, the imaginary part of (4.47)
becomesever more important, and the two lines separate.
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Figure 6.1: Cross section for e+ e¡ ! ¹ + ¹ ¡ ° as a function of
p

s in the ADD
scenariowith M S = 1:5 TeV. The three upper lines represent HLZ summation
with, from above, ± = 2; 3; 4. The lower solid line is Hewett summation (no
dependenceon ±). The Standard Model crosssection is shown by a dashedline.

The divergencewhich can be seenin the crosssectionsusing the HLZ approach whenp
s = O(M S) is due to the logarithmic parts in (4.47). As we commented in Section4.7.1,

this divergencesignalsa breakdown of the theory.

In ¯gure 6.2 we compare the angular distribution of the negative muon with di®erent
number of extra dimensions.The summation of the Kaluza-Klein modes is done using
the HLZ approach only, sincethat is the only approach sensitive to the number of extra

2 Note that this is M S (HLZ).
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dimensions.For reference,the Standard Model crosssectionis shown by a dashedline. As
expected,we ¯nd that the deviation from the Standard Model distribution is largestwhen
we have only 2 extra dimensions,and is decreasingwhen the number of extra dimensions
is increased.
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Figure 6.2: Angular distribution of the negative muon with respect to the e¡

beam in the processe+ e¡ ! ¹ + ¹ ¡ ° at
p

s = 350 GeV in the ADD scenario
with M S = 1:5 TeV. The crosssectionsshown are using the HLZ summation
with ± = 2; 3; 4; 5. The Standard Model distribution is shown by a dashedline.

In ¯gure 6.3 we comparethe angular distribution of the crosssectionsusing the Hewett
approach with ¸ = § 1 and the HLZ approach with ± = 4. M S is set to 1.5 TeV. As
expected, at

p
s = 350 GeV, an energy which, as can be seenfrom ¯gure 6.1, is small

enough to only give very small deviations from the Standard Model cross section, the
results from Hewett using ¸ = +1 and HLZ using ± = 4 appear to be quite similar. But
when increasingthe energyto

p
s = 500GeV the di®erencebetweenthe two distributions

is considerablylarger.

Sincethe interferenceterms in the crosssectionare sensitive to the sign of S(s) we should
expect the results for ¸ = +1 and ¸ = ¡ 1 to be di®erent, asindeedcanbe seenfrom ¯gure
6.3.
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Figure 6.3: Angular distribution of the negative muon with respect to the e¡

beam in the processe+ e¡ ! ¹ + ¹ ¡ ° at
p

s = 350 GeV (upper) and
p

s = 500
GeV (lower) in the ADD scenariowith M S = 1:5 TeV. The Standard Model
distribution is shown by a dashedline.
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An important observation is that, independent of how we do the summation over the
Kaluza-Klein states, we get considerabledeviations from the Standard Model crosssec-
tion at much lower energieswhen studying angular distribution than for the total cross
section. As pointed out in Chapter 5 this is becausewe now have the interferenceterms
which are suppressedby only a factor M

¡ 4
P as comparedwith a factor M

¡ 8
P in the pure

extra-dimensional terms. Since, in addition, the interferenceterms (and the pure extra-
dimensionaltermsaswell) exhibit a di®erent angulardistribution than the StandardModel
crosssection,this may provide a good signal for extra dimensions.

6.2 RS results

The total crosssectionfor the processe+ e¡ ! ¹ + ¹ ¡ ° in the RS scenariois shown in ¯gure
6.4. We have here speci¯ed the massof the ¯rst Kaluza-Klein excitation to be 500 GeV,
and we study the crosssectionfor di®erent valuesof k=M P .
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(
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Figure 6.4: Cross section for e+ e¡ ! ¹ + ¹ ¡ ° as a function of
p

s in the RS
scenario.The curves corresponds to, from above, k=M P = 0.01, 0.5, 0.1. The
Standard Model crosssection is shown by a dashedline.

As expected,the Kaluza-Klein excitationscanbe seenasdistinct peaksin the crosssection
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at energiesgiven by (4.14). If the ¯rst excitations are su±ciently low to observe at least
two peaks,their relative position will be an important indication for the RS scenariosince
we know that the splitting of the Kaluza-Klein modes are given by (4.14). However if
we seeonly one peak, we needmore information to decidewhether it is a Kaluza-Klein
excitation or someother new resonance.Here the angular distribution may be very useful
sincedependenceon cosµto the third and fourth power is speci¯c to the exchangeof spin-2
particles.

For small valuesof k=M P , the peaksare very narrow. This meansthat even when we are
consideringthe angular distribution, only a small o®setfrom the peak may leave us with
practically no signalsincethe crosssectionthen is totally dominatedby the StandardModel
contribution. This is illustrated in 6.5, where it can be seenthat for k=M P = 0:01 hardly
any deviation from the Standard Model can be observed at 450 GeV. For k=M P = 0:5
and k=M P = 0:1 the peak at 500 GeV is broad enoughto give a signi¯cant deviation. If
we study the angular distribution exactly at a peak, we will of courseseelarge deviations
from the Standard Model crosssectionno matter how narrow the peak is.
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Figure 6.5: Angular distribution of the negative muon with respect to the e¡

beam in the processe+ e¡ ! ¹ + ¹ ¡ ° at
p

s = 450GeV in the RS scenariowith
the mass of the ¯rst excitation being 500 GeV, k=M P = 0:01; 0:05; 0:1. The
Standard Model distribution is shown by the dashedcurve (very closeto the
curve for k=M P = 0:01).



Chapter 7

Concluding Remarks

In this thesiswe have studied the processe+ e¡ ! ¹ + ¹ ¡ ° whereexchangeof Kaluza-Klein
gravitons is considered.The crosssectiondependson the nature of the extra dimensions.
Therefore both the ADD and the RS scenariosare considered.In the ADD scenariothe
spacingbetweenthe individual Kaluza-Klein excitationsof the graviton is sosmall that the
spectrum of excitations will be observed asa continuum. In the RS scenariothe spectrum
of Kaluza-Klein excitations consistsof individual peaks.

Independent of which model weareconsidering,wehaveseenthat the interferencebetween
the StandardModelcontributions and the Kaluza-Klein graviton contributions vanishwhen
integrating out all angular dependence.Thereforethe angular distribution may provide a
signalof extra dimensionsat lower centre of massenergythan what is necessaryto observe
an enhancement of the total crosssection.Observation of changedangular distribution is
valuable alsosincethe spin-2 nature of the graviton should give a distinct signal.

If extra dimensionsindeedexist, and provided that the gravitational parametersare such
that there are low-energye®ects,their e®ectson the processe+ e¡ ! ¹ + ¹ ¡ ° should be
observable in the next generation of e+ e¡ colliders, giving an extra con¯rmation to the
results from the processe+ e¡ ! ¹ + ¹ ¡ which, due to its larger crosssection is a better
candidate to be the discovery channel of extra dimensions.In the caseof ADD-t ype extra
dimensionswe needthe full dimensionalgravitational scaleto be su±ciently low, i.e. not
much greaterthan the centre of massenergyin the experiment. If there is a newdimension
of the RS type, e®ectsfrom exchange of Kaluza-Klein gravitons should be observable
provided that at leastoneKaluza-Klein excitation hasmasslessthan the maximum centre
of massenergyof the experiment.
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App endix A

Notation and Units

Throughout this thesisfour-vector formalism is used,exceptfor thosecaseswherewe need
a generalisationto n-vectors.A contravariant vector is denotedx ¹ and a covariant vector
x¹ . Where there should be no ambiguities, sometimesthe notation x, i.e. without any
index, is used.

In °at space-time a contravariant vector is transformed to a covariant one using the
Minkowski tensor ´ ¹º . Using the convention that the metric has signature f + ; ¡ ; ¡ ; ¡g ,
the components of the Minkowski tensor are

´ 00 = ¡ ´ 11 = ¡ ´ 22 = ¡ ´ 33 = 1

´ ¹º = 0 if ¹ 6= º

When working with vectorsin curved space-time,the Minkowski tensor is replacedby the
metric tensor g¹º .

When going to higher-dimensionalspace,the metric tensor is generalisedso that the sig-
nature will be f + ; ¡ ; ¡ ; : : : ; ¡g .

Einstein's summation convention is used, that is, whenever an index occurs twice in one
term, onceascovariant and onceascontravariant, there is an implicit summationover this
index: X

¹

a¹ b¹ ´ a¹ b¹ :

Sincethis would causeambiguities, no index can occur more than twice in one term.

A.1 Indices

Lower-caseGreek letters will be usedto denoteLorentz indicesin four-dimensionalspace-
time, i.e. are run over the values0; 1; 2; 3. When consideringonly the spacepart, lower-case
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letters from the middle of the Latin alphabet will be used,i.e. i; j ; : : : = 1; 2; 3. To denote
Lorentz indices in (4+ ±)-dimensional space-time,capital Latin letters will be used, i.e.
M ; N = 0; 1; 2; : : : ; 3 + ±.

Where the vierbein formalism is used,sothat it is necessaryto distinguish betweenindices
corresponding to Lorentz transformationsand generaltransformations,respectively, lower-
caseletters from the beginning of the Latin alphabet, a;b;: : :, will be used for Lorentz
indicesand the above mentioned conventions will be reserved for the indicescorresponding
to generaltransformations.

A.2 Units

For the most part, we usenatural units. In this systemthe fundamental dimensionsare
taken to be mass,action and velocity. The units for action and velocity are chosento be
¹h and c, respectively. Thus in natural units ¹h = c = 1. Mass,or equivalently (sincec = 1),
energy is normally measuredin MeV or GeV. In natural units length and time have the
samedimension,namely inversemass.

Natural units are chosensince they, as the name indicates, are in somesensea natural
choice, at least that is so in the microscopicrealm which we are treating here. However,
sometimesit is usefulto givequantities in a morewidely usedsystemof units. In particular,
weoften want to give the ¯nal result of our calculation in SI units rather than natural units.
The transition from natural units to SI units is easilydone;multiply with the powersof ¹h
(energy£ time) and c (length/time) neededto get the correct dimensionof the quantit y.



App endix B

Feynman Rules

Weherelist the Feynmanruleswhich arerelevant for this thesis.The electroweakFeynman
rules are taken from [2]. The rules for quantum gravit y are taken from [14], and are also
treated in Section4.6 in this thesis.

The momenta used,are those in the direction indicated by the arrows.

M (n) is determinedby drawing all Feynmandiagramswhich

1. are topologically distinct
2. are connected
3. have n vertices,and correct external lines

Vertex factors

1. For each vertex wherea photon couplesto two chargedleptons, there is a factor

ie° ¹ (B.1)

2. For each vertex wherea Z 0-bosoncouplesto two leptons, there is a factor

¡ ig° ¹

2cosµW
(gV ¡ gA °5); gV = 2sin2 µW ¡

1
2

; gA = ¡
1
2

(B.2)

The weak coupling constant g is related to the electromagneticcoupling constant
through gsinµW = e.

3. For each vertex wherea graviton couplesto two masslessleptons, there is a factor

¡
i

4M P

£
W (f )

¹º + W (f )
º ¹

¤
; W (f )

¹º = (p1 + p2)¹ ° º (B.3)
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4. For each vertex wherea graviton couplesto two photons, there is a factor

¡
i

M P

h
W (° )

¹º ®¯ + W (° )
º ¹®¯

i
(B.4)

W¹º ®¯ =
1
2

´ ¹º (k1¯ k2® ¡ k1 £ k2´ ®¯ ) + ´ ®¯ k1¹ k2º

+ ´ ¹® (k1 £ k2´ º ¯ ¡ k1¯ k2º ) ¡ ´ ¹¯ k1º k2®

5. For each vertex where a graviton couplesto a photon and two masslessleptons,
there is a factor

¡
i

2M P
eQ[X ¹º ® + X º ¹® ] ; X ¹º ® = ° ¹ ´ º ® (B.5)

Propagators

1. iD F ¹º (k) = ¡ i´ ¹º

k2+ i" for each internal photon line with momentum k.

2. iD F ¹º (k; mZ ) = i (¡ ´ ¹º + k¹ kº =m2
Z )

k2 ¡ m2
Z + i" for each internal Z line with momentum k.

3. iSF (p) = i (6p+ m)
p2 ¡ m2+ i" for each internal fermion line with momentum p in the direction

of the arrow.
4. iP ¹º ½¾

k2 ¡ m2
~n + i" where

P¹º ½¾=
1
2

(´ ¹½´ º ¾ + ´ ¹¾ ´ º ½¡ ´ ¹º ´ ½¾)

¡
1

2m2
~n

(´ ¹½kº k¾ + ´ º ¾k¹ k½+ ´ ¹¾ kº k½+ ´ º ½k¹ k¾) (B.6)

+
1
6

(´ ¹º +
2

m2
~n

k¹ kº )(´ ½¾+
2

m2
~n

k½k¾)

for each internal Kaluza-Klein graviton line with momentum k and massm~n .
5. Factors from external lines

² ur (p) for each incoming electron
² ¹ur 0(p0) for each outgoing electron
² ¹vr (p) for each incoming positron
² vr 0(p0) for each outgoing positron
² " r ¹ (k) for each incoming photon
² "¤

r ¹ (k) for each outgoing photon
6. Spinor factors and ° -matrices are written from the left to the right when read o®

against the direction of the arrow.



App endix C

Gamma Matrices and Traces

We will here give a review of the gamma matrices in four space-timedimensions.Since
the calculations in this thesis rely on four dimensionale®ective theories rather then the
full-dimensional theory, a generalisationof the gammamatrices to more dimensionsis not
necessary.

C.1 Gamma matrices

The gammamatrices are de¯ned by the anti-commutator relation

f ° ¹ ; ° º g ´ ° ¹ ° º + ° ¹ ° º = 2´ ¹º : (C.1)

A commonrepresentation is

° 0 =
µ

1 0
0 ¡ 1

¶
° i =

µ
0 ¾i

¡ ¾i 0

¶
; (C.2)

where1 is a 2 £ 2 unit matrix:

1 =
µ

1 0
0 1

¶
;

and ¾= (¾1; ¾2; ¾3) is a vector whosecomponents are the Pauli matrices:

¾1 =
µ

0 1
1 0

¶

¾2 =
µ

0 ¡ i
i 0

¶

¾3 =
µ

1 0
0 ¡ 1

¶
:
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A few useful properties of the gammamatrices:

° ¹ ° ¹ = 1; ° ¹ y = ° 0° ¹ ° 0; ° 0y = ° 0: (C.3)

We alsode¯ne a ¯fth matrix, ° 5 by

°5 ´ ° 5 = i° 0° 1° 2° 3: (C.4)

°5 has the following properties

(°5)2 = 1; ° y
5 = °5; [°5; ° ¹ ] = 0: (C.5)

Someuseful identities

° ¾° ®°¾ = ¡ 2° ® (C.6)

° ¾° ®° ¯ °¾ = 4´ ®¯ (C.7)

° ¾° ®° ¯ ° ° °¾ = ¡ 2° ° ° ¯ ° ®: (C.8)

C.2 Traces involving gamma matrices

For tracesof two or four gammamatrices we have

Trf ° ®° ¯ g = 4´ ®¯ (C.9)

Trf ° ®° ¯ ° ° ° ±g = 4(´ ®¯ ´ ° ± ¡ ´ ®° ´ ¯ ± + ´ ®±´ ¯ ° ): (C.10)

The trace over an odd number of gammamatrices is zero:

Trf ° ®1 ° ®2 : : : ° ®n = 0g; n = 2k + 1; k = 0; 1; 2; : : : (C.11)

For traceswhere° 5 is involved, we have:

Trf °5g = Tr f ° ®°5g = Trf ° ®° ¯ °5g = Trf ° ®° ¯ ° ±°5g = 0 (C.12)

Trf ° ®° ¯ ° ° ° ±°5g = 4i² ®¯ ° ±: (C.13)
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Abbreviations

We herelist the functions usedto expressthe crosssectionsin Chapter 5. The calculations
weredoneusingThe ReduceComputer Algebra System[19]. The functions Âi , i = 1; : : : ; 6
show the dependenceon cosµ, and the functions Qi , i = 1; : : : ; 12 show the dependence
on x1 and x2. A few placeswe have kept the variable x3 = 2 ¡ x1 ¡ x2 to improve the
readability.

The fact that Q3 through Q11 is not symmetric under interchangeof x1 and x2 is due to
our choiceof coordinate system.If we had chosenthe outgoing photon to de¯ne the z-axis,
we would have had symmetry under interchangeof x1 and x2.

Â1 = Q1(1 + cos2 µ) + Q3(1 ¡ 3cos2 µ) (D.1)

Â2 = Q4 cosµ (D.2)

Â3 = Q5 cosµ (D.3)

Â4 = Q6 cos3 µ + Q7 cosµ (D.4)

Â5 = g2
V (Q8 cos3 µ + Q9 cosµ) + g2

A Q10(1 ¡ 3cos2 µ) (D.5)

Â6 = (Q1 + Q2)(1 ¡ cos4 µ) ¡ 3Q3(20cos4 µ ¡ 15cos2 µ + 1)
(D.6)

+ Q11(5 cos4 µ ¡ 3cos2 µ)

(D.7)
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Q1 =
(x2

1 + x2
2)

(1 ¡ x1)(1 ¡ x2)
(D.8)

Q2 = 4
x2

1 + x2
2

1 ¡ x3
(D.9)

Q3 = 2
1 ¡ x3

x2
1

(D.10)

Q4 = 2
µ

1 ¡ x2

x1(1 ¡ x1)
¡

x1x2 ¡ 2(1 ¡ x3)
(1 ¡ x1)(1 ¡ x2)

¶
(D.11)

Q5 = 4
µ

x3
1 + x2

2

x1(1 ¡ x1)(1 ¡ x2)
¡

x2

x1(1 ¡ x2)
¡

x2

x1

¶
(D.12)

Q6 =
x2

1 + x2
2

(1 ¡ x1)(1 ¡ x2)
¡ 2

x1x2
2

1 ¡ x2
+ 12x3 + 2

7x1x2 ¡ 11x1 ¡ 5x2 + 5
x2

1
(D.13)

Q7 = ¡ 2
µ

x1x2 + 4x3 ¡
4x1(1 ¡ x2) + 3(1 ¡ x3)

x2
1

¶
(D.14)

Q8 =
4x1x2

2(1 ¡ x3)
(1 ¡ x1)(1 ¡ x2)

+
2x3

2

1 ¡ x2

+2
¡ x3

1 + 10(x1 + x2)2 ¡ 20x2 + 30x3 ¡ 4x1x2 ¡ 2
1 ¡ x1

(D.15)

¡
16x2

2

x1(1 ¡ x1)
¡

20x2 ¡ 40
x2

1
(1 ¡ x2) ¡ 4

18x1

x2
1(1 ¡ x1)

(1 ¡ x2)

Q9 = 2
µ

3 + x3 +
6x1x2 ¡ 3x1 + 6x3

x2
1

¶
(1 ¡ x3) (D.16)

Q10 =
¡ x2

1 + 10x1 ¡ 2x1x2 ¡ 2x2
2 + 12x2 ¡ 16

1 ¡ x1
+

¡ 2x2
1 + x1x2

2 ¡ 1
(1 ¡ x1)(1 ¡ x2)

(D.17)

¡
(4x2 ¡ 2)(1 ¡ x2)

x2
1

+
2x1x2

2 + 9x1(1 ¡ x2)
x2

1(1 ¡ x1)

Q11 =
x2

1 + 9x2
2

(1 ¡ x1)(1 ¡ x2)
¡ 8

(1 ¡ x3)2

x2
1(1 ¡ x1)(1 ¡ x2)

(D.18)
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